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CHUONG 1

TAP HOP - LOGIC - ANH XA - SO PHUC

§1. LOGIC

1.1 Cac phép toan logic

1. Phép phu dinh

—
E=1PS

2. Phép hoi

O|lO|H|IH|X
O|lR|O|HR|

(AAB)=min{A, B}

3. Phép tuyén
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A|B|AVB
11 1
110 1
0|1 1
0|0 0

(AV B) = max{A, B}

4. Phép kéo theo

A|B|A—B
11 1
110 0
0|1 1
0|0 1

(A — B) =max{1— A,B}

5. Phép tuong duong

A|B| A+ B
1|1 1
10 0
01 0
00 1

Chu y: D€ don gian vé mét ki hiéu, khi viét A ching ta c6 thé hiéu 1a ménh dé A hoic gia
tri chan 1y cia ménh dé A tuy theo hoan canh phi hdp. Vi du nhu viét A = 1 — A thi ta
hiéu 1a gi4 tri chan ly cia ménh dé A bang 1 tru di gia tri chan Iy cta A.

1.2 Cac tinh chét

1. Tinh giao hoan:
ANB&BANAAVB& BV A

2. Tinh két hop
(AAB)AC<= AAN(BAC),(AVB)VC < AV (BVC)

3. Tinh phan phoi
ANBVC)<= (AANB)V(ANC),AV(BAC)<= (AVB)A(AVC)

6



1. Logic 7

4. Tinh chét caa phép kéo theo
A—+B& AVB

5. Tinh chat cia phép tuong duong
A< B& (A—B)A(B— A)

Chu y: D& chiing minh ciac ménh deé logic, ta stt dung khai niém tuong duong logic, thay
cho “khéi niém bang nhau” cia cic ménh dé. Bai tap chi yéu trong bai nay 1a ching minh
hai ménh dé tuong duong logic hodc chiing minh moét ménh dé logic luén ding. Cé ba
phuong phap cht yéu dé lam bai:

1. Lap bang cac gia tri chan ly
2. Bién d6i tuong dudng cac ménh dé

3. Chiing minh bing phan chiing

1.3 Luong tir phd bién va luong tu ton tai

Ta thuong can phai phat biéu nhitng ménh dé c¢6 dang "Moi phan ti x cta tap hop X
déu c6 tinh chat P(x)". Ngudi ta quy uée ki hiéu ménh dé nay nhu sau:

Vx € X, P(x)

Ki hiéu V dudc goi 1a luong tiz phd bién, né 1a cach viét ngudc lai cta chit cai dau tién cta
tit "All" trong tiéng Anh.

Tuong tu ta ciing hay gap ménh dé c6 dang " Ton tai mot phan ti x ca X c6 tinh chat
P(x)". Ménh dé nay dudc quy udc ki hidu nhu sau:

dx € X, P(x)

Ki hiéu 3 dudc goi 1a luwong tiz ton tai, né 1a cach viét ngudc lai cia chit cai dau tién cta ti
"Exists"trong tiéng Anh.
Ménh dé " Ton tai duy nhat mot phan ti x cia X c6 tinh chat P(x)" duge viét nhu sau:

dlx € X, P(x)

Luong ti pho bién va ton tai c6 mébi quan hé quan trong sau day:

Vx € X,P(x) = Jx € X, P(x)

dx € X, P(x) =Vx € X, P(x)
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Bai tap 1.1. Ching minh cdc ménh dé sau day la ding :
a) [AN(AVC)] — C.
b) [(A— B)A(B—C)] — (A—C).
c) [AN(A— B)] = B.

d) [(AVB)A(A— C)A(B—C)] — C.

Loigidi. a) Cach 1: Lap bang gi4 tri chan Iy

A[ClA[AVC|AN(AVO) |[[AN(AVO)]=C
1[1]lo0] 1 0 1
1(ofo]| 1 0 1
o[1]1] 1 1 1
ojlo[1] o 0 1

Cach 2: Bién d6i tuong duwong cac ménh dé

Cach 3: Chiing minh bang phan ching.

Gia st ménh dé da cho 1a sai. Vi ménh dé kéo theo chi sai khi gia thiét ding va
két Iuan sai nén: AN (AVC) =1vdaC =0.NhungviC = 0nén AA(AVC) =
AN(AV0)=AAA=0, mau thuan, chiing td ménh dé da cho luén ding.

Cac cau b),c),d) chiing minh tuong tu. ]

Bai tap 1.2. Ching minh rang:
a) A< Bva (ANAB)V (AAB) latusng duong logic.

b) (A — B) - Cva A — (B — C) khong tusng duong logic.

c) A < Bva A < Blatuong duong logic.
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Loi gidi. Cung gidng nhu bai toan ching minh mét ménh dé nao dé luén ding, bai toan
chiing minh hai ménh dé nao dé tuong duong logic cling c¢6 3 phuong phap ching minh
nhu trén. Riéng v6i bai toan chitng minh hai ménh dé khong tuong duong logic thi ta chi
can chi ra mot bo gia tri chan Iy nao dé cia cac ménh dé con ma & d6 hai ménh dé da cho
co hai gia chi chan ly khac nhau. [

Bai tap 1.3. Cho A 1a tap hop con cta tap sb thuc, can duéi ding xo ciia A ki hiéu
Inf(A) = xo c6 thé xac dinh bdi ménh dé sau: “ V6i moi x trong A c6 xy < x va véi x;
c¢6 tinh chat 1a x; < x v6i moi x trong A thi suy ra x; < xo 7. Hay dung cac ki hiéu dé
dién t4 ménh dé trén va ménh dé pha dinh cta né. Tt dé dua ra cach chiing minh mot sb
khong phai la Inf(A).

Loi gidi.
xo =Inf(A) & [Vx € A, (xp < x)] A [Vxg, (x1 < x,Vx € A) — (x1 < x0)]
xo =Inf(A) & [Vx € A, (xo0 < x)] A [Vxy, (x1 < x,Vx € A) — (x1 < xp)]
S VxeA: (xg<x)V[3x, (x; <x,VxeA) — (x1 < x0)]
=
S [Fx e A,xg > x] V[T, (x1 <x,Vx € A)V(x1 < xp)]
& [Fx € A, xp > x|V [Ixg, (k1 < x,Vx € A) A (x1 > xp)]

Bai tap 1.4. [Dé thi DS K49] Xét xem c4c ménh dé sau c6 tuong duong logic khong
a) (AVB) -Cva(A—-C)AN(B—C)
b) A— (BAC)va(A—B)AN(A—C)
Bai tap 1.5. [Dé thi DS K49] Xét xem c4ac ménh dé sau day la ding hay sai
a) "Néu cac s6 thuc x vA y thoA man x >y vay > x thisuyrax = y.
b) "Néu sb tu nhién n 1& va n? chan thi suy ra n 1a s6 nguyén té.

Bai tap 1.6. [Dé thi PS K51] Cho (AAB) — (AAC) va (A — B) C (AVC) la cadc ménh
dé ding. Chiing minh B — C la ménh dé ding.
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§2. TAP HOP

2.1 Cac phép toan trén tap hgp

1. Phép hgp
x€e AUB< x € Ahoacx € B
x¢ AUB&x¢g Avax ¢ B
2. Phép giao
xeANB&xe AvaxeB
xZANB< x¢ Ahoacx ¢ B
3. Phép tru

xe A\B&xeAvax¢B
x¢ A\B< x ¢ Ahoacx € B
4. Phép lay phan bu
Néu A C X thi A = X\ A dudc goi 12 phan bu ctia A trong X.

2.2 Cac tinh chat

1. Tinh giao hoan:
AUB=BUA,ANB=BNA

2. Tinh két hop
(AUB)UC=AU(BUC),(ANB)NC=AN(BNC)

3. Tinh phan phoi
AU(BNC)=(AUB)N(AUC),ANn(BUC)=(ANB)U(ANC)

4. Tinh chét caa phép tru
Néu A,BC XthiA\B=ANB

5. Cong thic De Moorgan

ANB

AUB

I
|

\U:”
D)
I
o C

A;

i

U
N B, UA;

I
|

1

Bai tap chu yéu trong bai nay 1a chiing minh hai tap hep bang nhau hoic ching minh mét
tap hop A 1a tap con ctia tap B. C6 3 phuong phap chiing minh chu yéu:

10



2. Tap hop 11

1. Phuong phéap phan ti
2. Phuong phap bién d6i tap hop
3. Phuong phap chiing minh béng phan ching
Bai tap 1.7. Gia st f(x), g(x) 1a cac ham sb x4c dinh trén R. Ki hiéu
A={xeR|f(x)=0},B={xeR|g(x) =0}.
Xac dinh tap nghiém phuodng trinh:
a) f(x)g(x) =0 b) [£(x)]* + [g(x)]* =0

Li gidi. Dap sb:
a) AUB b) AN B .

Baitap 1.8. Cho 3 tap hop A = {x e R[x* —4x+3 <0} ,B = {x e R| |x—1| <1},
C={xeR|x*-5x+6 < 0}.Xac dinh tap hop sau: (AUB)NCva (ANB)UC.

Li gigi. (AUB)NC = 1[0,3],(ANB)UC = [1,3] .
Bai tap 1.9. Cho A, B, C 1a c4c tap hop bat ki, chiing minh:
a) AN(B\C)=(ANB)\(ANCQC) b) AU(B\ A) = AUB.

Loi gigi. a) Cach 1: Phuong phap phan ti
[=]Giastx € AN(B\C),taco6x € Avaxe B\C.Suyrax € A,x € Bx ¢ C. Vi
x € Avax e Bnéntacox € ANC. Mat khacx ¢ C D ANCnén x ¢ ANC. Vay
xe (ANB)\ (ANC).
[&=]Giastx e (ANB)\(ANC),tacoxc A, xc Bvax ¢ ANC.Dox ¢ ANCnén
hodc x ¢ Ahodcx ¢ C. Nhungvix € Anéntacéox ¢ C.Vivaytacox € AN (B\C).
Cach 2: Phuong phap bién d6i tap hop
Coi A,B,C C X nao d6. Khi do

(ANB)\(ANC)=(ANB)N(AUC)=[(ANB)NAJU[ANBNC]=AnN(B\C)
b)
AU(B\A)=AU(BNA)=(AUB)N(AUA)=(AUB)NX=AUB

Bai tap 1.10. [Dé thi DS K51] Cho céc tap hop A, B,C thod man (AUB) C (AUC) va
(ANB) C (ANC). Ching minh B C C.

Bai tap 1.11. [Dé thi tin chi he 2009] Cho A, B, C 1a cac tap hop bat ki. Chitng minh rang
a) (A\B)\C=A\(BUCQ).
b) A\(B\C)=(A\B)U(ANCQ).

11
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§3. ANH XA

3.1 Dinh nghia

3.2 Tap anh, tap nghich anh
Cho f: X — Y1lamét anh xa. GiAst A C X,BCY.

1. Tap anh
Ki higu f(A) = {y € Y|Zx € A, f(x) = y} = {f(x)|x € A}.

2. Tap nghich anh
Kihiéu f~1(B) = {x € X|f(x) € B}. Vivay tacé

xe f1(B) & f(x) €B

3.3 Pon anh, toan anh, song anh
Cho f : X — Y la mét anh xa

1. Pon anh
Anh xa f dudc goi la don anh néu
1) V6i moi x1 # xp € X thi f(x1) # f(x2) hodc
ii) Néu f(x1) = f(x2) thi x; = xo.

2. Toan anh
Anh xa f dudc goi 1a toan 4nh néu f(X) = Y, hay véi mdi y € Y, ton tai x € X sao
cho f(x) = y. No6i cach khac, phuong trinh f(x) = y ¢c6 nghiém v6i moiy € Y.

3. Song anh.

Anh xa f dudc goi 1a song anh néu né vira 1a don anh, vita 1a toan anh. Néi cach
khac, phuong trinh f(x) = y ¢6 nghiém duy nhét vé6i moiy € Y.

Bai tap 1.12. Cho hai anh xa
f:R\{0} =R

1
X = —
X

g:R—=R
2x
1+22
a) Anh xa nao 1a don anh, toan anh. Tim g(R). b) Xac dinh anhxa h = go f.

X —

12



3. Anh xa 13

Loi giagi. a) f la don anh, khong phai la toan anh, ¢ khong phai don anh, cing khong
phai la toan anh.

b) ¢(R) = [~1,1] .

Bai tap 1.13. Ching minh cac tinh chat sau ctia &nh va nghich 4nh cia anhxa f: X — Y
a) f(AUB) = f(A)Uf(B), A,BC X
b) f(ANB) C f(A)Nf(B), A,B C X.Néu vi du chiing té diéu ngudc lai khong ding.
¢) fY{AUB) = fY(A)UfY(B), A BCY
d fY(AnB)=f 1 (A)nfYB),ABCY
&) fI(A\B) = f1(A)\f1(B), ABCY
f) Ching minh f la don anh khi va chi khi f(ANB) = f(A) N f(B), VA,BC X

Loi gigi.  a) Gia sty € f(AUB),khi d6 ton tai x € AUB sao cho f(x) = y. Vi
x € AUBnén x € A hoac x € B.
Néuxc Athiy= f(x) € f(A) C f(AUB)nény € f(AUB)
Néu x € Bthiy = f(x) € f(B) C f(AUB)nény € f(AUB)
Trong moi trusng hop ta déu cé y € f(AUB)
[&]Tacé f(A) C f(AUB),f(B) C f(AUB) nén f(A)U f(B) C f(AUB).

b) Do ANB C Anén f(ANB) C f(A) va ANB C Bnén f(ANB) C f(B). Vay ta co
f(ANB) C f(A) N f(B).

Dé chi ra phan vi du diéu ngudc lai khong ding ta xét anh xa f : R — R, x > |x| va
A= {-1},B={1}. Khidé f(ANB) — @va f(A) N f(B) = {1}.

c)
xe€ fY(AUB) & f(x) € AUB

& [;(x) €4 & [ii;jig sxef 1 AUfF1(B)

d)
xe fTYANB) & f(x) € ANB
" {f(x) eA {xefl(A)
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e)

xc f1(A\B) < f(x) € A\B

f(x) e A x € f1(A) ) .
(:’{fmezB (:’{mfl(B) Fre A

f) Ta da cé6 f(ANB) C f(A) N f(B). Ngudc lai, néu y € f(A)N f(B) thiy € f(A) va
y € f(B). Do d6 ton tai x; € A sao cho f(x1) = y va ton tai x, € B sao cho f(x) = y.
Vi fladon anhnénx; =x, € ANB.Vayy = f(x1) € f(ANB). n

Bai tap 1.14. Cho hai anhxa f : A - Cva ¢g: B — D. Taxac dinh anhxah: A x B —
C x D béi h(a,b) = (f(a),g(b)),a € A,b€B

a) Chung minh f, g don anh thi & don anh.

b) Ching minh f, ¢ toan anh thi i toan anh.

c¢) Cac ménh dé dao cia a),b) c6 ding khong?

Loi gidi. Dua vao dinh nghia don anh va toan anh dé dang chiing minh dudc cac khing
dinh trén. Cha ¥ rang cac ménh dé dao ctia ménh dé a) va b) van ding. [

Bai tap 1.15. [Dé thi DS K51] Cho anh xa f : R> — R? x4c dinh béi f(x1,x2) = (x1 +
2x3 +1,2x1 + x7). Chiing minh f la mét song anh.

Bai tap 1.16. [Dé thi DS K51] Cho cactap hop X,Y,Zvacacanhxa f: X — Y,g: Y — Z.
Gia thiét f toan anh, ¢ o f don 4nh. Chiing minh ¢ 1a don anh.

Bai tap 1.17. [Dé thi S K52] Cho 4nh xa f : R? — R? xéc dinh béi £(x1, x2) = (4x1,5x,).
Ching minh f 12 mt song 4nh. X4c dinh f(A) v6i A = {(x1,x2) € R?|x% + x5 = 9}.

14
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§4. CAU TRUC DPAI SO

4.1 Cau truc nhom
Gia st G 1a mot tap hop. Méi anh xa
0:GxG—=G

dugc goi 12 mot phép todn hai ngéi (hay mot ludt hop thanh) trén G. Anh cta cip phan ti
(x,y) dudc ki hiéu la x o y.

Dinh nghia 1.1. Mot nhom la mét tap hop khdc rong G dudce trang bi mét phép toan hai
ngoi o thod man ba diéu kién sau day:

(G1) Phép toan co tinh chat két hop:

(xoy)oz=x0(yoz),Vx,y,z€ G

(G2) Co mét phan tire € G, dudc goi Ia phan ti trung lap hay phan ti trung hoa vdi tinh
chat
xoe=ceox=x,Vxe€G

(G3) Vdi moi x € G ton tai phan titx' € G dudc goi 1a nghich ddo cia x sao cho

xox' =x'ox=c¢

Nhom G dude goi Ia nhom giao hoan hay abel néu phép toan co tinh chat giao hoan:

xoy=yoxvx,y€G.

4.2 CAu truc vanh

Pinh nghia 1.2. Mot vanh la mét tap hop R # @ duoc trang bi hai phép toan hai ngoi,
gom phép cong
+:RXR—=R,(xy) —x+y

va phép nhan
.:RxXR—=R,(x,y) — xy,

thod man ba diéu kién sau:
(R1) R la mét nhom abel vdi phép cong.

15
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(R2) Phép nhén co tinh chat két hop:
(xy)z = x(yz),Vx,y,z € R
(R3) Phép nhan phan phoi tir hai phia doi vdi phép cong:

(x+y)z=xz+yz
z(x +y) =zx+zy,Vx,y,z € R

Vanh R duoc goi Ia giao hoan hay abel néu phép nhan co tinh chat giao hoan:
xy = yxVx,y € R.
Vanh R duoc goi 1a co don vi néu phép nhan co don vi, tiic ton tai phan tir1 € R sao cho
1x = x1 =xVx € R.

Quy uéc: DE thuan tién vé mat ki hiéu, phan ti trung hoa ctia phép cong sé dudce ki hiéu
12 0, néu vanh c6 don vi thi phan ti don vi sé dudc ki hiéu la 1.

4.3 CAu tric truong

Dinh nghia 1.3. M6t vanh giao hoan co don vi 1 # 0 sao cho moi phan tit khac 0 trong
no déu kha nghich dudc goi 1a mét trusng.

Bai tap 1.18. Cho G{1,2}, trén G ta dinh nghia cac phép toan nhu sau:
1+41=1,14+42=224+1=1,24+2=1
Chitng minh rang (G, +) 12 mét nhém.

Bai tap 1.19. Cho G = {f1, f2, f3, fa, f5, fo } la tap cac anh xa tt R\ {0,1} — R\ {0,1} xac
dinh nhu sau:

Ful) =% fax) = 1o fo() = 1= - fal) = - () = 1%, folx) =

Chiung minh G cung véi phép toan la phép hdp thanh tich anh xa lap thanh mo6t nhom
khong abel.

X
x—1

Loi gidi. GO) P& kiém tra mét tap hop cung véi cac phép toan nao dé cé phai 1a mot cau
tric dai s6 hay khong, trudc hét phai kiém tra xem cac phép toan trén tap hop dé cé
phai 12 phép hop thanh khéng (cé phai 1a phép toan déng khong), roi sau dé méi di
kiém tra céc tién dé ctia cAu tric dai s6 d6. D6i véi cac tap hop c6 hitu han phéan ti
ngudi ta thuong kiém tra tinh déng ctia phép toan bang phudng phép lap bang.

16



4. Céu tric dai sé 17

filfe|fs|fa|fs| fe
A fo|fs|falfs] fe
fAlA|fo|fs|falfs] fe
folfo|fs|fi|fe]| fa]fs
fa|fs| | fol|fs|fe| fa
falfalfs|fe| | 2] f3
fs|fs|fe|fa|fs|fi| Lo
fe|fe | fa|fs | fo| f3| S

Nhin vao bang ta thay phép hop thanh anh xa la phép toan déng trén tap G.

G1) Phép hop thanh c4c 4nh xa c6 tinh chat két hop.
G2) Phan tit trung hoa: f;

G3) Phan tu dbi:

filfh|fs|falfs]fe
Phanttddi | fi | f3 | o | fa | f5 | fo

Hon nita fyo f, = f5 # f¢ = f2 © fa nén G la moét nhém khong abel. m

Bai tap 1.20. Cac tap sau vdi cac phép toan thong thuong cé lap thanh mot vanh, truong
khong?

a) Tap cac s6 nguyén 1é.
b) Tap céc sb6 nguyén chan.
¢) Tap cac sb hitu ti.

d X = {a+b\/§|a,b€]R}.
e) Y= {a+b\/§|a,b€]R}.

Loi gidi.  a) Tap céac s6 nguyén 18 khong déng véi phép toan cong nén khong phai 1a mét
vanh (truong).

b) Tap cac s6 nguyén chan 1la mot vanh giao hoan nhung khong c6 don vi nén khong
phai la mot truong.

¢) Tap cac sb hitu ti 1a mot trudng.

d) X = {a +b\V2la,b e ]R} la mo6t vanh giao hoan, c6 don vi 1, nhung khong phai la
motj truong vi v2 € X khong c¢6 phan t& d6i.

17



18 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

e) Y = {a +bV3ab e ]R} 1 mot truong. Chi ¥ ring

1 B a N —b c
a+by3 a2—3b2 a2 —3p?

Y

18



5. S6 phiic 19

§5. SO PHUC

5.1 Dang chinh tic ctia s6 phite

Kihiéu C = {z =a +bi} véia, b € R va i?> = —1 1a tap hop cac sb phiic. z = a + bi dudc
goi 1a dang chinh tic ctia sb phic. 4 = Rez dude goi 1a phan thuc cta sé phic va b = Imz
dudc goi 1a phan 4o ctia sb phiic.

Cac phép toan trén dang chinh tic ctua sb phiic

1. Phép cOng, tru
(a+0bi) £ (c+di)=(atc)+ (bLtd)i

2. Phép nhan
(a4 bi)(c+di) = (ac — bd) + (ad + bc)i

3. Phép chia

a—+ bi
c+di

. o ] —a b .
= (a+ bi).(c +di) 1:(a+bl)'<a2+b2+a2+b21)

5.2 Dang ludng giac cua s6 phiic

Mbi sb phtic z = a + bi dudc bidu dién bdi mot diém M(a, b) trén mit phang Oxy. Diém
M dudc goi 12 anh ctia s6 phiic z va (a,b) dudc goi 1a toa vi clia s6 phiic z. Khi d6 dat

r = |OM]
¢ = (Ox,0M)

Khi d6 z = a + bi = r(cos ¢ + isin ¢) dudc goi 1a dang lugng giac ctia s6 phitc. r dude goi 1a
do dai ctia s6 phiic z, ki hidu 12 |z| v& ¢ dude goi 1a Argument ctia s phiic, ki hiéu 1a Arg z.
Cac phép toan trén dang luong giic caa sb phiic

1. Phép nhan
Néu z; = r1(cos @1 +isin ¢1), 22 = r2(cos @ + isin @) thi

2120 = r17.[cos(@1 + @) +isin(@1 + ¢2)]
Vay |z1z2| = |z1]|z2|, Arg(z122) = Argzy + Argz,

2. Phép chia
Néu z; = r{(cos @1 +isin ¢1),zp = r2(cos ¢y + isin @,) thi
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20 Chuong 1. Tép hop - Logic - Anh xa - Sé phic

zZ r ..
i = i (cos(@1 — ¢2) +isin(@r — @2))

v |2 1Al

Vay ZZ - |ZZ|

3. Phép luy thua (Cong thic Moirve)
z=r(cos ¢ +ising) = z" =r".(cosng + isinng)
Vay |2"| = [z["

4. Phép khai can
A . .. - o @+2km . . @+2km  wA T
Neuz = r(cosg +ising) # 0thi /z = {/r. [COST—Hsm — 1,k =0n-1

Nhan xét rang moi so phiic z # 0 déu cé 1 s6 cin bac n khac nhau.

5.3 S6 phiic lién hop

Cho sb phiic z = a + bi, s6 phitc Z = a — bi duge goi 1a sb phic lién hop cta sé phic z. O
dang lugng giéc, s6 phiic lién hop ctia sb phidc z = r(cos ¢ +isin @) 14z = r(cos ¢ — i sin @).
Mot s6 tinh chat ctia s6 phic lién hop:

1.z=z 5. |z = [z|

2. z+zZ=2a=2Rez 6. 21 +220=21+2»
3. zz =a* + b* = |z|? 1. 1Z3 = 7122
4.%:% 8.@:%

Bai tap 1.21. Viét cac s phitc sau duéi dang chinh téc:

a) (1+iv/3)° b) V/1—iV3

)% d) (2+4iv12)% (V3 — i)

o

Loi gidi. Thong thuong, ta nén chuyén cac sb phic ve dang ludng giac, roi thuc hién cac
phép toan nhan, chia, luy thira, khai cin, sau d6 méi dua két qua vé dang chinh téc.

a)
3 3

b) Ta c6 (1 —iv/3) =2 (cos =& +isin =) nén

V1 —iv/3 = {zk — V2 {Cos <_—7T +k5) +isin(<_—7T +k5)} k :0,7}

(1+iv3)? = [2 <CosE —|—isinzﬂ9 = -2
)




5. S6 phiic 21

c¢) Tuong tu, 823?; =24

d) (24iv12)°(v/3 — i) = (=211)i. n

Bai tap 1.22. Tim nghiém phiic cia phuong trinh sau:

)2 +z+1=0 b)z2+2iz—5=0 ¢)zt—3iz2+4=0
\4
d)zf - 722 -8=0 e)gf34:1 HB(V3+i)=1—i

Bai tap 1.23. Chiing minh néu z + % = 2cosf thi z" + Zln =2cosnb,Vn € Z
Loi gidi. Vé6i diéu kién z # 0 thi

z =121 =cosf+isinf

1
Z4+ - =2cosf & z> —2cosbz4+1=0< .
z z = zp = cos(—0) +isin(—0)
Hon ntta 21z = 1 nén

1
2"+ — =z +2z) = (cosf +isinf)" + [cos(—0 +isin(—0)"| = 2cosb

zZh
Bai tap 1.24. a) Tinh téng cac cin bac n cta 1.
b) Tinh téng céc can bac n caa sb phiic z bat ky.
n—1
¢) Cho ¢ = cos 2"7” +isin 2"T”,k =0,1,..,(n—1) . Tinh tong S = kgo el,(meZ).

Loi giai. a) Goieq,ép,...,e,1a cac can bacn cia 1. Cac can bac n cia don vi s€ 1ap thanh
tap nghiém ctua phuong trinh z” — 1 = 0 nén theo dinh ly Viet

n—1
Z & = 0
k=0

Ngoai ra
Z €;gj = 0, HZ;&Ek = (_1)71—1
0<i<j<n-—1
n—1
b) Tuongtu Y e =0
k=0
Onéun fm
c) S= . u
n neu n|m
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Chuong 1. Tép hop - Logic - Anh xa - Sé phic

Bai tap 1.25. Cho phuong trinh (XH) —1_0,
a) Tim cac nghiém cta phuong trinh trén.

b) Tinh mo6dun cta cac nghiém.
c¢) Tinh tich cta cac nghiém tu d6 tinh k]§[1 sin %”.
Loi gidi.
a) Phuong trinh & = 0 ¢6 8 nghiém la
X, = —1 4 cos (2]{#) + isin (Zan> ,k=1,2,...,8
Chu y rang véi k = 0 thi x = 0 ¢ TXD.

b) Ta c6 |xi| = 2sin (k”>

9 ..
¢) Phuong trinh % =Y C’9x1_1 = 0c6 8 nghiém la x;,k = 1,2,...,8 nén ap dung
i=1

dinh ly Viet ta c6

k=1
Tu do suy ra
ﬁ sin ke _ 9
9 ~ 98
e 2 2

— 1
a)z’ = = b)zt=z+2z
z
Loi gidi. a) 27 = 21:272—1:|z7z3|—1:|z|10—1:>|z|—1 Do d6z = |ZZ‘2=%.
Tu d6 27 = 3<:>z —1<:>Z—Zk—COS +zsmk”k—123
b) Gia sttz = a + bi v6ia,b € R. Khi d6 z* = z+z < (a + bi)* = (a + bi) + (a — bi). So

sanh phan thuc va phan 4o ctia hai vé ta dude hé phuong trinh

a* — 6a%b? +v* =24
403h — 4ab® =0

Giai hé phudng trinh trén ta dudc cac nghiém cta phuong trinh la
5 1 1, 1 1,
Z1 = 0,Z2 = \/5,23 = —3—\/§ — 3—\/§l,Z4 = —3—\/§ + 3—\/§l

22



5. S6 phiic 23

Bai tap 1.27. Cho x,y,z la cac s6 phic c6 modun bang 1. So sanh médun caa cac sé phic
X +y+zva xy + yz + zx.

Loi gidi. Do |z| = |y| = |z| = 1 nén xX = yy = zz = 1. Do d6

|y +yz + 2x| = |xyzz + yzaX + zayy| = |xyz(X +§ +2)| = [xyz|[x Ty +z[ = |y +y + 2]

23



24

Chuong 1. Tép hop - Logic - Anh xa - Sé phic

24



CHUONG 2

MA TRAN - DINH THUC - HE PHUONG TRINH

§1. MA TRAN

1.1 Cac phép toan trén ma tran
1. Phép cong, tru hai ma tran
2. Phép nhan ma tran véi mot s6
3. Phép nhan hai ma tran

4. Ma tran chuyén vi

1.2 Cac tinh chét

(k(A+B) =kA +kB

(
A+B=B+A
(k+hA=kA+hA=A
A+0=04+A=A
1. 2. { k(hA) = (kh)A
A+ (—A)=(—A)+A=0
LA=A
(A+B)+C=A+ (B+C)
0.A=0

(A.(B+C) = AB + AC)
(A+ B)C = AC + BC
(AB)C = A(BC)

| k(BC) = (kB)C = B(kC)

(A.B).C = A.(B.C)
3. JAI=1A=A 4.
Chu y rang AB # BA

25



26 Chuong 2. Ma tran - Dinh thuc - Hé phuong trinh

5. (AB)! = B'A!

Bai tap 2.1. Tim ma tran X thoa man:

a)
1 2 30 LoxX — 1 -2
-3 4 21 5 7
b)
1 1 -3 2 2 5 6 0 —6 6
EX_3_41 1 25| =|-2 9 2
2 -5 3 1 3 2 —4 -8 6
Loi gigi. )
1 2113 0 LoxX — 1 -2
-3 4( 12 1 5 7
-3 -2
ox ]
3 3
b)
1 1 -3 2|12 5 6 0 —6 6
EX_3_41 1 2 5|=|-2 9 2
2 -5 3 1 3 2 —4 -8 6
| ]
0 -12 12
SX=1—-4 18 4
-8 —-16 12
1 -2 3
Bai tap 2.2. Chomatran A= | 2 —4 1 | vada thic f(x) = 3x> —2x+ 5. Tinh f(A).
3 -5 3
Loi giai. Ta co
1 -2 3 1 -2 3 6 -9 10
A2=1|2 -4 1 2 4 1|=|-3 7 5
3 -5 3 3 -5 3 2 -1 13



1. Ma tran 27

6 —9 10 1 -2 3 100
f(A)=3A2—-2A+5E=3| -3 7 5 |—-2|2 -4 1|4+5[010
2 -1 13 3 -5 3 001
21 —23 24 .
=| -5 34 13
0 7 38

Bai tap 2.3. a) Cho A = cosa —sina

] . Tinh A™.

sina cosa

b) Cho A = . Tinh A™.

o O 2
O Q=
IS

Loi gigi. a) Chiing minh A" = [ cosna —smna ] v6i moi n € N bing phuong phép
SN na cos na

qui nap.

b) Véin=1,A! =

O O 2
O Q=
Q =, O

V6in > 2 taviét A =B+ E, véi E 1a ma tran don vi cAp 3 va B =

o O O
S O =
o = O

Ta c6 B> = ,B3 = 0 nén B* = 0 véi moi k > 3. Ap dung cong thic khai

o O O
S O O
S O -

trién Newton:

n
A" = (B+aE;)" = Y CEB¥(aE3)"* = CJ(aE3)" + CiB(aE3)" ' + CAB*(aE3)" 2

k=0
1 00 010 0 01
_n n—1 (”_1)n
=a 01 0| +na 0 01 +72 000
0 01 000 000

a®  na" 1 (Tl—zl)”an—Z
=10 a" na"~1
0 0 a

Nhan xét: Ta ciing c6 thé chitng minh cau b) bang quy nap nhu cau a). Tuy nhién,
mudn dung phuong phap quy nap ta can du doan dudc két qua ctia bai toan. Piéu
nay khong phai lic nao ciing dé lam. n
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28 Chuong 2. Ma tran - Dinh thuc - Hé phuong trinh

Bai tap 2.4. Tim tat ca cac ma tran vudng cap 2 thoa man:

X =| 0 bx=| "
| 00 1
[ | 2
Loigiai. o Giasax=|" | tacsxz=|® U|[® 0| =@ The abidbd
c d cd||cd ca+dc cb+d
Vay: i ]
(a2 +be = (a2 4+bc =0
&
cat+dec =0 cla+d) =0
ch+d*> = ch+d> =0
co e 1 A . n 00 . a B o
Giai hé phuong trinh trén ta dude X = O] hodc X = [az ] véi a,b,c 1a cac
c © —a

so thuc tuy y va b # 0

b) Tuong tu nhu cau a), ma tran X cé thé c6 cac dang sau:
a b 1 0 -1 0 [1 0 -1 0 .
1-2 —al’|c —1|"| ¢ 1|"|0o 1]"|0 -1

§2. DPINH THUC

2.1 Dinh nghia
2.2 Cac tinh chét ctua dinh thic

1. det A = det Af

2. Cong thitc khai trién mét dinh thic theo mot hang hay cot bat ki:

n . .
detA = 2(—1)l+]ﬂ1’]' det Ml']'
=1

n . .
detA = Z(_])H‘] detMi]'
i=1
0 d6 M;j 1a ma tran thu duge tu ma tran A bang cach bd di hang i va cot j.

28



2. Dinh thic 29

3. Mot dinh thtc c6 hai hang (hay c6t) bang nhau thi béng khéong.
4. Néu d6i chd hai hang (hay c6t) cia mét ma tran thi dinh thic ctia né ddi dau

5. Néu thém vao mot hang (hay cot) mot t6 hdp tuyén tinh cia cac hang (hay cot) khac
thi dinh thitc khong dai.

6. Mot dinh thic c6 mot hanh (hay cot) biang 0 thi bang 0.

7. Néu nhan cac phan ti cia mét hang (hay cot) véi mot sb k thi dude mot dinh thic
méi bang dinh thitc cit nhan véi k.

8. Pinh thitc cia mét ma tran tam gidc bang tich cta cac phan tit trén dudng chéo.

9. det(AB) = det AdetB

2.3 Cac phuong phap tinh dinh thuc

Dé tinh mét dinh thic, c6 thé khai trién dinh thic theo mot hang hay cot nao dé dé
dua dinh thitc vé dinh thiic c¢6 cAp nhé hon (tt nhién nén chon hang hay c6t nao ¢6 nhiéu
s6 0 nhat), ciing ¢6 thé tim cach bién d6i so cap dé dua dinh thiic vé dang don gian hon
(khong nhét thiét phai dua dinh thic vé dang dinh thic ctia ma tran tam giac, doi khi chi
can dua dinh thitc vé dang don gian roéi khai trién dinh thic).

2.4 Ma tran nghich dao
1. Pinh nghia

Dinh nghia 2.4. Cho A la mét ma tran vuéng cap n, néu ton tai ma tran B vuéng
cap n sao cho
AB=BA =1

thi ta noi ma tran A kha dao (kha nghich) va goi B la ma tran nghich dao cua ma
tran A.

Ma tran nghich dao ctia ma tran A dudc ki hiéula A1
2. Su duy nhat ctia ma tran nghich dao

DPinh 1y 2.1. Ma trin nghich déo ciia ma tran A néu cd thi duy nhét.
3. Su ton tai ctia ma tran nghich dao

29



30 Chuong 2. Ma tran - Dinh thuc - Hé phuong trinh

DPinh 1y 2.2. Cho ma tran A vudng cap n, néu det A # 0 thi ma tran A kh& nghich
va ma tran nghich dao cua no duoc tinh theo cong thiic:

-1 _ 1 t
detA

trong do C = [Ci]'] vOi Cij = (—1)i+j det Ml]

4. Ma tran nghich dao cua tich hai ma tran

Dinh 1y 2.3. Cho A, B 1a hai ma tran vuéng cap n kha nghich. Khi do AB ciing kha
nghich va
(AB) ' =pB1Aa"1

5. Céac tinh ma tran nghich dao bang phuong phap Gauss-Jordan

(a) Viét ma tran don vi I bén canh ma tran A.

(b) Ap dung cac phép bién d6i so cAp vé hang dé dua ma tran A vé ma tran don vi
1, 36ng thoi tac dong phép bién ddi s¢ cap trén ma tran I.

(c) Khi A da bién d6i thanh I thi I tré thanh ma tran nghich dao A~1.

Bai tap 2.5. Tinh cac dinh thic sau:

21 3
a) |5 3 2 =40
1 4 3
a b c
b) | b ¢ al|=acb+bac+bac—c3—1b>—0a3=0a3+0b3+3—3abc
a b
1 1 ¢ 3
2 2T | i 27T N A , A e =1
|1 1 ¢ ,(szcos7+zsm7)DoelacanbacScuadOnwnen ) .
N l1+e+e=0
e e 1
1 1 ¢
Dodé| 1 1 & |=1+et+e2—-8—-1—-e=-3
e ¢ 1

Bai tap 2.6. Khong khai trién dinh thitc ma dung céc tinh chat ctia dinh thic dé chiing

minh:
am+bix ap—bix a b
a) | a+byx ay—byx ¢ |=-2x|a, by ¢
as + bsx asz —bzx c3 as by c3
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31

1 a
b) |1 b
c
a
c) |1 b
1 ¢

Loi giai.

b)

be
ac
ab

a S X
(S ulERNY
N

(@}

N

=(@+b+c)|1 b b?

I
S (W

a +bix a;—bix
) +bryx ar» —byx ¢
as +bzx az —byx c3
2a;1 a1 —bix
=|2a a1 —bix ¢ [(C2+C; — Cq)
2a5 a1 —bix c3

a1 al—blx (o5]

=2 as al—blx Co (Clxi)

az a1 —bix c3

a1 —blx (o8]
=2|a, —byx 0o ((—1)C1 +Cy — Cz)
as —b3x Cc3

a1 b1
=—2x|a, by ¢
a3 bz c3

be
ac
ab

a? +ab + bc + ca
b2 4ab+bc+ca | (Cox (a+b+c)+Cs— C3)
c? +ab + bc + ca

a2

b2 | (Cy x (—ab — bc — ca) + C3 — C3)
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32 Chuong 2. Ma tran - Dinh thuc - Hé phuong trinh

Chu y: Néu a,b, ¢ # 0 thi ta c6 thé chitng minh nhu sau:

1 a be 1aaabc ) a a*> 1 1 a a2
b ac|=—1|b b*> abc |=—abc|b b?> 1|=|1 b b?
abc ) abc ) )
c ab ¢ ¢ abc c - 1 1 ¢ ¢
c)
a a°
b b3
c ¢

a a®+a’b+a*c

b3 + b%a + b?c | (C1 x (—abc) + Cy x (ab + bc + ca) + C3 — C3)

c A4cta+cb

a a*(a+b+c)

b B+ bo)
)
2

Il
| U G G UV G W
jayy

c la+b+c

1 a a

=(a+b+c)|1 b P?

1 ¢ c?

Bai tap 2.7. Tinh cac dinh thic sau:

b d
a+b ab a?+b? Zacclc
a)A=|b+c bc b*+c? b) B =
c+a ca a%+c? cdab
d ¢ b a
1 1 2 3 1+x 1
1 2—x2 2 1 1- 1
) C = X 3 d) D = X
2 3 1 5 1 1 1+z 1
2 3 1 9—x2 1 1 1 1-—z

a+b ab a%+ b?
Loigidi. a) A=|b+c bc b+c2 | =a3(c®—b?) +b3(a® — ) + 3(b? — a?)
c+a ca a*+c?
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b)

a b ¢ d

b a d c

cdabd

d ¢ b a

a+b+c+d

_ b a

N c d

d c

1111
b ad c

= b d

(a++c+)cdab
d ¢ b a
1 0 0
b

=(a+b+c+4d) .

d

a

b

0

=(a+b+c+d)|d—c a—c b—c

=(@a+b+c+d) d—c
c—d
a+d—c—b
=(@a+b+c+d) d—c
c—d

=(a+b+c+d)(a+d—c—0D)

c—d b—d a—d
a+d—c—b a+d—c—0b

a—b d—b c—b
d—c a—c b—c
d c—d b—d a—d
a—b d—b c—b

a—c
b—d

0
a—d
b—c
a—d
b—c

0
b—c
a—d
b—c
a—d

b+a+c+d c+d+a+b d4+c+b+a

c
b

a

(R1 +R2+R3+R4)

(C2—C1,C3—C,Cs— ()

0
b—c |(R2+Ry)
a—d

(G- ()

=(a+b+c+d)(a+d—b—c)a+b—d—c)la+c—b—4d)
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34

c)

3

2

1 2—x2

1 9—«2

3

(Cz <~ C3)

1 2 2—x2

21

3

(R <+ R3)

3
1 2 2—x?

21
21

3

(Ry —2R1,R3 — Ry, R4y — 2Ry)

1 — x2

0 0

1— x2

0 0

d)

1+x

1+z

(H; — Hy, H3 — Hy)

1
z

1 1—x 1
0

1 1—z

1
0 0 O

X
1

(C1 —Cy,C3—Cy)

0
0

—x 1
0 0 =z
1 1

—Z

0

x*z?
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2. Dinh thuc 35

Bai tap 2.8. Ching minh néu A 13 ma tran phan xing cap 7 1& thi det(A) = 0.

Loi gidi. Do A! = —A nén detA = detA' = det(—A) = (—1)"detA = —detA. Vay
detA = 0. [

Bai tap 2.9. Cho A = [4;j]x» 12 ma tran phic sao cho 4;; = —aj;. Ching minh det(A) la
moét sb thuc.

Loi gidi. Theo bai ra, A = A, vi dinh thitc cia moét ma tran 1a tong cac s6 hang trong dé
moi s6 hang 1a tich cac phan t& clia ma tran d6, nén ti tinh chat ctia s6 phiic lién hop, ta
c6 det A = det A. Tt d6 ta c6

detA =detA =det A = det A=detA € R

Bai tap 2.10. Tim ma tran nghich déo ctia cac ma tran sau:

1 —a 0 0
3 4 3 7400 0 1a 0
a) A = ] WB=|2 -3 1], 0) C = 4
5 7 0 1 —a
3 -5 1
00 0 1

Huéng dan: Tim ma tran nghich dao ciia ma tran A c6 det A # 0 thuong tién hanh theo
hai cach:

Cach 1: Dung ma tran phu hop.

Tinh ¢;; = (—1)it det M;; trong d6 M;; 1a ma tran c6 duge tir A bang cach bd di hang i cot
j- Xay dung ma tran phu hgp C = [¢;;]. Khi d6 Al = deltA.Ct .

Cach 2: Phuong phap Gauss-Jordan. Viét vao sau ma tran A ma tran don vi E dé dudc

ma tran [A|E], sau d6 stt dung cac phép bién ddi so cap theo hang dua ma tran trén vé ma
tran [E|B]. Khi dé, B 12 ma tran nghich dao A~

7 —4 . b d —b
Loigigi. a) A~l= Téng quat, A = Al 1
8 ) [_5 3 g4 -4 detd | .,
2 =7 1
b) B l=2X]| 1 -12 7
-1 3 -1
1 a a® a°
1 2
¢ C 1= 0 a a .
00 1 a
00 0 1
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36 Chuong 2. Ma tran - Dinh thuc - Hé phuong trinh

Bai tap 2.11. Giai cac phuong trinh ma tran sau:

- 2 -1 -1 12 -3

S . 13 2 |+x|31 4= 217
11 2 23 1
i 3 -2 2 11 -3
[ 2 -1 -1 1 -2 -1 1 2 2 3

b) | -1 3 2 2 1 |+ 21 3 [X=]-12
3 -2 2 3 1 1 1 —1 1 1

Hudng dan: Viéc giai cac phuong trinh ma tran cling gibng nhu viée giai cac phuong
trinh dai s6, nhung can luu ¥ phép nhan ma tran khong cé tinh chat giao hoan nén

AX =B X=A"1B
XA=B& X=BA!l

Bai tap 2.12. a) Chiing minh ring ma tran A =

b
y ] thoa man phuong trinh sau:
c

x? — (a+d)x +ad — bc = 0.
b) Chitng minh véi A 1a ma tran vudng cap 2 thi Ak =0, (k > 2) & A2 =0.

Loi gidi.  b) Nhan xét rang ta chi can chiing minh néu A*¥ = 0(k > 2) thi A2 = 0. That
vay,
(det A)¥ = det A¥ =0 = detA = 0= ac—bd =0.
Do d6 tlitcaua) tacé A2+ (a+d)A=0 (1).
Néua+d=0thi(1) = A=0.
Néua+d#0thi (1) = AF2[A2 + (a+d)A] = 0= (a +d)A*1 = 0=AF1 = 0. Tiép
tuc qua trinh nhu vay ta duge A* = A1 = .. = A2 =0. [ |

Bai tap 2.13. Ching minh rang ma tran A vudng cip n thod man a, AX +a, A1+ +
a1 A+ agE =0, (ap # 0) thi A 1a ma tran kha nghich.
Loi gidi.
ﬂkAk + ak_lAk_l 4+ +aiA+agE =0
eu A +u A A = —agE

@A(—Z—kAk - ”’;——1Ak—1 e Z—lE) —E
0 0 0

Do dé A 1a ma tran kha nghich va ma tran nghich dao cta né la

a Ay _ a
AL = _Pkpk Pkl k-1 Op
ag ag ag
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§3. HANG CUA MA TRAN

3.1 Dinh nghia

Dinh nghia 2.5. Hang ciia ma tran A la cip cao nhat ciia cac dinh thiic con khac khong
cia A, ki hiéur(A) hayp(A).

3.2 Phudng phap tinh hang cua ma tran bang bién doi
so cap ve hang
DPinh nghia 2.6. Ma tran bic thang la ma tran co hai tinh chat:

1. Cédc hang khac khéng luén 6 trén cdc hang bang khéng

2. Trén hai hang khac khong thi phan tit dau tién khdc khéng J hang dudi bao gio ciing
d bén phai cot chita phan tit khac khong dau tién J hang trén.

DPinh ly 2.4. Hang ctia mét ma tran bac thang bang sé6 hang khac khong ciia no

Véi dinh ly da cho, muén tim hang ctia ma tran A chi can ap dung cac phuong phap
bién d6i so cap trén hang dé dua A vé ma tran bac thang va dém s6 hang khac khong ctia
no.

Bai tap 2.14. Tim hang ctia cac ma tran sau:

1 3 5 -1 1 3 5 -1
2 -1 -1 e -7 —11
a) A= .Biendoi A — ... — 0 nénr(A) =4
5 1 -1 0 0 —4
7 7 9 1 00 0 —4
(4 3 -5 2 3] (4 3 -5 2 3|
8 6 —7 4 2 00 -10 5
b) B=1|4 3 -8 2 7 |.BiéndsiB—...—~ {0 0 0 0 —11| nénr(B)=3.
43 1 2 -5 00 0 0
8 6 —1 4 —6] 00 0 0
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38 Chuong 2. Ma tran - Dinh thuc - Hé phuong trinh

§4. HE PHUONG TRINH TUYEN TIiNH

4.1 Dang t6ng quat cta hé phuong trinh tuyén tinh

D6 1a hé m phuong trinh dai s6 bac nhat dbi véi n 4n sb

/

ailxy +apnxy + -+ aipxy = bl

Ap1X1 + AxXy + - - - 4 Az Xy = by @.1)

L ﬂm1X1 + amzxz + te + amnxn — bm

Néu dat A = [a;;] 1a ma trén hé s6 cia hé va b = [b1by...by]! 1a ma tran cot vé phai,
x = [x1X2...x,]" 12 ma tran &n thi ta c6 dang ma tran ctia hé dugdc viét don gidn nhu sau

Ax =D

4.2 He Cramer

Dinh nghia 2.7. Hé [2.1 goi I2 hé Cramer néum = n vadet A # 0

Pinh 1y 2.5 (Pinh 1y Cramer). Hé Cramer c6 nghiém duy nhat duoc tinh bang cong
thifc x = A~ ', tic la
det A j

" detA’
trong do A la ma trdn suy tu A béang cdch thay cot thit j bdi cot vé phai b.

Xj

4.3 Dinh ly Kronecker-Capelli
Dinh ly 2.6 (Pinh ly Kronecker-Capelli). Hé co nghiém khi va chi khi
r(A) =r(A),
trong do A la ma tran b6 sung tiic 1a ma tran A thém cotb, A = [Ab).
Corollary 2.1. 1. Néur (A) # r(A) thi hé vo nghiém
2. Néur(A) =r(A) =n thi hé co nghiém duy nhat
3. Néur(A) =r(A) <n thi hé o vo 56 nghiém
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4. Hé phuong trinh tuyén tinh 39

4.4 Phuong phap Gauss giai hé phuong trinh tuyén
tinh tong quat

B1. Viét ma tran A canh vécto cot b ta dudc ma tran bo sung A.

B2. Ap dung céc phép bién d6i so cip trén hang dé dua ma tran A vé ma tran bac thang.

B3. Bién luan theo két qua thu dudc.

Bai tap 2.15. Giai cac hé phuong trinh sau:

4

X1 —2xp +x3=4 3x1 —5xp —7x3=1
a) 2x1+xp —x3=0 b) X714 2xp +3x3 =2
| —x1tx2+x3=-1 —2x1+xp +5x3 =2

3x1 —xp4+3x3 =1
—4x1+2xp+x3 =23
—2x1+x2+4x3 =4

( 10x7 —5xp — 6x3 = —10

[ 3x; — 5xp + 2x3 + 4xy = 2
c) 7x1 —4xy+x3+3x4 =5 d)
5x1 +7xy —4x3 — 6x4 = 3

(( 2x1 +3xy +4x3 =1
3x1—xp+x3=2
5x1 +2xp +5x3 =3
[ X1 —4xp —3x3 =1

e)

Loigidi. a) Taco D =7,Dy =7,Dy = —7,D, = 7 nén hé phuong trinh da cho la hé
Cramer nén nghiém (x1, x5, x3) = (1,—1,1)

b) Tuong tu nhu cau a) véi D = 41, Dy, = 41, Dy, = —41, Dy, = 41 va nghiém cta hé la
(xl, XZ,X3) = (1, —1,1).

¢) r(A) =2 # r(A) = 3. Hé vo nghiém.
d) Heé ¢6 nghiém duy nhat (x1,x2,x3) = (0, %, %)

e) Hé c6 vd s6 nghiém (xy, xp, x3) = (—71‘ + 4, —10t — &, 11t) v6i t 12 tham sb. n

Bai tap 2.16. Giai cac hé phuong trinh sau bang phuong phap Gauss.

2x1+3x) —x3+x4+3=0

3x1 —xp+2x3+4x4—8=0
X1+ x2+3x3—2x4—6=0
—x1+2xp+3x34+5x4—3=0
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40 Chuong 2. Ma tran - Dinh thuc - Hé phuong trinh

( 3x1 —2xp+x3—x4 =0
b) 3x1 —2xp —x3+x4 =0
X1 —Xp+2x3+5x4 =0

\

2X1 —2Xp+x3— x4 +x5=1
X1 +2xp —x3+ x4 —2x5 =1
4x1 —10xp +5x3 —5x4+7x5 =1
2x1 — 14xy + 7x3 — 7x4 + 11x5 = —1

c)

\

Huéng dan: Cac phép bién d6i tuong duong trén cac phuong trinh ctia hé tuyén tinh
tuong tng véi cac phép bién ddi so cap theo hang trén ma tran A . Hon nita, viéc xac dinh
tinh c6 nghiém hay v6 nghiém cia mot hé phuong trinh tuyén tinh theo dinh 1i Kronecker-
Capelli, doi hoi phai tim hang ctia ma tran A. N6i dung chinh ctia phuong phap Gauss
chinh 14 viéc st dung céc phép bién doi so cap theo hang dé bién d6i ma tran A vé dang
bac thang, sau d6 dung dinh li Kronecker-Capelli dé xac dinh viéc c6 nghiém va mé ta cac
nghiém ctia hé phuong trinh.

2 3 -1 1 -3 11 3 =2 6
c e — 3 -1 2 4 8 01 -7 5 —15
Loigiai. a) A = - ... =
1 1 3 -2 6 00 —7 6 —14
-1 2 3 5| 3 00 o0 % 0
Vay r(A) = r(A) = 4. Do d6, hé c6 nghiém duy nhat (x1, x, x3,x4) = (1, —1,2,0).
3 -2 1 -1 1 -1 2 5
b)) A=|3 -2 -1 1 —...— |10 1 -7 14
1 -1 2 5 o o 2 =2
X1 = 14
< . = -7
Vay r(A) = 3 < 4, hé c6 v6 s0 nghiém phu thudc mot tham so 2 “
X3 =«
X4 =«

2 -2 1 -1 1 1

— 1 2 -1 1 =2 1
c) A= — =
4 -10 5 -5 7 1 O O 0 0 0
2 =14 7 -7 11 | -1 O O o0 0 0

Suy rar(A) = r(A) = 2, nén hé c6 v6 s6 nghiém phu thudc 3 tham s

o O O =

x1=%+2m—4n
x2:%+5m—n—|—t
X3 = 2t, x4 = 2n,x5 = 6m
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4. Hé phuong trinh tuyén tinh

Bai tap 2.17. Giai va bién luan cac hé phuong trinh:

(axi+x+az+xs=1 ([((2—a)x; +x24+x3=0
a) X1+axy; +x3+x4=a b) x1+(2—a)x2—|—x3:0
| X1+ X0+ axz + x4 = a? | 1+ x4+ (2—a)x3=0
[ x1 —axy +a%x3 =a [ ax;+xp+x3=1
c) { ax; —a*xy+axs =1 d) { xy+axv+x3=a
| ax; +x —alxs =1 | X1+ x2 +axs =a?
Loi gicgi.  a)
Ta co
al 1 1|1
A=|1a1 1] a
1 1a1]|a
1 1 a 1 a?
—...—> |0 a-1 1—a 0 a—a?
0 0 (1-a)a+2) 1—-a| (1—a)(a+1)?
1. Néua # 1,tac6 7(A) = r(A) = 3 < 4, hé c6 v s6 nghiém phu thudc mot tham
xp=t—a-—1
2 Xo=t—a
SO
X3 =1
xg = (1+4+a)?— (a+2)t
11111
2. Néua=1thiA=|000 0|0
00O0O0]O0
Ta c¢6 r(A) = r(A) = 1 < 4 nén hé c6 v6 s6 nghiém phu thudc 3 tham sb
(x1,%2,x3,x4) = (1 —a— B —7,B,a,7)
2—a 1
b) Tacé A= 1 2-a 1 ,detA = (4—a)(1—a).
1 1 2—a
1. Néu (4 —a)(1 —a)? # 0 thi hé c6 nghiém duy nhét (x, x2, x3) = (0,0,0).
2 1 1 1 1 -2
2. Nbua=4thiA=| 1 -2 1 |—...—»|0 -3 3
1 1 -2 0O 0 O
Vir(A) =2 < 3 nén hé c6 vo sb nghiém phu thudc vao 1 tham sb (x1,x0, x3) =
(o, 0, 00)
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111 111
3. Neua=1thiA=|111|—=1]100 0
111 000

Suy rar(A) =1 < 3 nén hé c6 vo s6 nghiém phu thudc vao 2 tham sb:
(x1, %2, x3) = (—a — B, B, ).
1 —a a2 1 —a a? a
¢c) TaccA=|a —a®2 a |1|—=...=> |0 144> =—24° 1—a?
a 1 —a 0 0 a(l—a?) | 1—a?
X1 =4a
1. Néua # 0,41 thir(A) = r(A) = 3 nén hé c6 nghiém duy nhat { x, =1
X3 = %
(1 00]0
2. Néua=0thiB=| 0 1 0| 1 | nénr(A) =2+#r(A)=3,dodéhé da cho vd
| 0 00
nghiém.
1 -1 1 |1
3. Nbua=1thiB=|0 2 —-2|0
0O 0 01O

nén r(A) = r(A) — 2 < 3, hé da cho c6 vo s6 nghiém phu thudc 1 tham s6

111 -1
4, Neua=—-1thiB=| 0 2 2| 0
O 00 0
nén r(A) = r(A) = 3, hé da cho c6 vo s6 nghiém phu thudc 1 tham sb
(x1,x2,x3) = (1, —tx,oc)
d) Taco
a1 1] 1 1 1 a a?
A=|1a 1| a|—...—>|0a-1 1—a a— a? =B
11 ala 0 0 (A—-a)a+2)| (1—a)(a+1)?
1. Néua #1,-2thir(A) = r(A) = 3, hé c6 nghiém duy nhat
(x1,x2,x3):(—1—a, 1 ,(1-1-51)2)
a+2 "a+2" a+2
1 1 -2 4
2. Nbua=—2thiB=|0 -3 3 | —6 |,7(A) =2 <3 =r(A), hé da cho vo
0O 0 O 3

nghiém.
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4. Hé phuong trinh tuyén tinh 43

111
3. Néua=1thiB= |0 0 0 , 7(A) = r(A) = 1 < 3, hé c6 vo s6 nghiém
000

S O =

phu thuée 2 tham s6 (x1,x2,x3) = (1 —a — B, B,«) n

Bai tap 2.18. Tim da thic bac 3 : p(x) = ax® + bx? + cx +d thod man p(1) = 0,p(—1) =
4,p(2) =5,p(—2) = —15.

e e . A, 71, _ =7 ._ =13 5 __ 13

Loi gidi. Dapso:a = 3,b= 5 ,c= —5>,d = 7. [
1 2 a -1

Bai tap 2.19. Cho phuong trinhmatran | 2 7 22+1 | X=| 2
3 9 4a 1

a) Giai phuong trinh khi a = 0.

b) Tim a dé phuong trinh c6 v s6 nghiém.

-1

120 ~1 3 0 -3 -4
Loigigi. a) X= |2 7 1 2 |=|-10 3|=|3
390 1 1 1 -1 0
12 a ~1 12 a | -1
b) A=|27 2a+1| 2 | —=...—> |03 1 4
39 4a 1 0 0 a—-1 0
Hé c6 vo s6 nghiém khi va chi khi7(A) =r(A) <3<a—-1=0<a=1 D
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CHUONG 3

KHONG GIAN VECTO.

§1. KHAI NIEM

1.1 Pinh nghia

DPinh nghia 8.8. T4p hop V # @ dudc goi 1a mot khong gian vécto trén R néu no duoc
trang bi hai phép toan gom:

a) Pheéep cong vecto

+: VXV =V
(a,B) = a+p
b) Phép nhan véctd vdi vo huong
+: RxV >V
(a,a) — an

thod man cdc tién dé sau:

V1) (a+B)+y=a+(B+7)

(V2) 0eV:0+ta=a+0=aVacV
V3) VaeV,I e V:a'+a=a+a" =0
(V4) a+p=p+ava,peV

(V5) (a+Db)a =an+baVa,b e R,a €V
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46 Chuong 3. Khong gian vécto.

(V6) a(a +pB) =an +apVa € R,a, €V
(V7) a(ba) = (ab)aVa,b e R,a € V

(V8) la =a VYaecV

Cac phan ti cia V dudc goi 1a cac vécto, cac phan tit cia R dude goi 1a cac vo huéng. Bén
tién dé dau néi rang (V, +) 1a mot nhém abel. Tién dé (V5,6) néi rang phép nhan c6 tinh
phan phéi d6i véi phép cong vécto va cong vo hudng. Tién dé (V8) néi rang phép nhan da
dudc chuédn hoa.

1.2 Mot so tinh chat ban dau cua khong gian vécto
1.3 Bai tap
Bai tap 3.1. Tap V véi cac phép toan kem theo ¢6 phai la khéng gian vécto khong?

a) V={(xy2) |x,y,z € R} véi cac phép toan xac dinh nhu sau

(x,y,z) +(x,y,Z) = (x+x,y+vy,z+7)
k(x,y,2z) = (k| x, ||y, [k| z)
b) V = {x = (x1,%2) |x1 > 0,x > 0} C IR? véi cac phép toan xac dinh nhu sau:
(x1,%2) + (y1,¥2) = (x1Y1, X2¥2)

k(x1,x2) = (x§, x5)

trong d6 k 1a s6 thuc bat ky

Loi gigi. a) V khong phai la mét khong gian vécto vi cac phép toan cong va nhan véi vo
huéng cta V vi pham tién de s6 5.

A+ (=D))(ny,2) =07 1xy,2) + (1) (xy,2) = 2(x,y,2)

b) Tap V da cho la mot khong gian vécto. [
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2. Khéng gian véctd con 47

§2. KHONG GIAN VECTO CON

2.1 Pinh nghia

Dinh nghia 8.9. Cho V la mét khéong gian vécto, W la mét tap con ciia V. Néu W ciing
vOI hai phép toan thita hudng tir V cing la mot khong gian vécto thi W dudc goi la khong
gian vécto con cua V.

2.2 Piéu kién can va da dé W C V 1a khéong gian vécto
con

Pinh 1y 3.7. Tép con khdc rong W C V la khéng gian vécto con ctia V néu va chi néu W
khep kin vdi hai phép toan trén V, nghia la

a+pecW, Va,pecWW
ax € W, Vae R, a e W

2.3 Khong gian con sinh bdi mot ho vécto

Dinh nghia 3.10. ChoV la mét khong gian vécto. S = {vy,vy,...,v,} la mdt ho cac vécto
ctia V. Tap hop tat ca cdc té hop tuyén tinh cia cdc vécto cia S dudc goi I1a bao tuyén tinh
cua S, ki hiéu span(S).

span(S) = {c1v1 + 202 + ... chUnlC1, ..., cn € R}

Dinh ly 3.8. W = span(V) la mot khong gian vécto con cua V.

2.4 Hé sinh cua mot khong gian vécto

Dinh nghia 3.11. Cho V la m¢ét khéng gian véctd.S = {vq,vy,...,v,} la mét ho cac vécto
ctia V. Néuspan(S) = V thi ta noi ho S sinh raV hay khéng gian V sinh bdi ho S.

2.5 Bai tap

Bai tap 3.2. Chiing minh cac tap hgp con ctia cac khong gian véc to quen thudc sau la cac
khong gian véc to con cta chung:

a) Tap E = {(xl,xz,xg) € R3 |2x1 —5x7 +3x3 = 0}.

b) T4p cac da thiic c6 hé s6 bac nhat bang 0 (hé sb ctia x )etia KGVT P, [x].
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48 Chuong 3. Khong gian vécto.

¢) Tap cac ma tran tam gidc trén cta tap ciac ma tran vudng cap .
d) Tap cac ma tran doi xting ctia tap ciac ma tran vudng cap n.
e) Tap cac ma tran phan xing ctia tip cac ma tran vuoéng cap n.
f) Tap cac ham kha vi trong khong gian cac ham s6 x4c dinh trén [a, b].
Bai tap 3.3. Cho Vi, 1 1a hai khéng gian véc té con cia KGVT V. Ching minh:
a) VNV, 1a KGVT con caa V.

b) Cho Vj + V, := {x1 + xp |x1 € V1, x; € V, }. Ching minh V; + V;, 1a KGVT con cia V.
Loi gidi.

a) 1. Giasuax,yecViNVy Khidéx,yec Vivax,ye Vo ViVyvaV;lacackhong gian
véctdconcua Vnénx+yc Vi, vax+ye Vo. Vayx+ye VinNV,.

2. Tuong tunéux € VN Vs thikx € V3 N Vs.

b) 1. Giastxye Vi+ Vo, Khidox=x1+x,y=1y1+y2V6ixgys € Vi, x,y2 € Vo
Khido x+y = (x1+x2) + (y1 +y2) = (x1 +y1) + (2 +y2) € Vi + Va.

2. Tuong tu, néu x € V; + V, thikx € V; + V5. n

Bai tap 3.4. Cho V;, V; 1a hai khong gian véc té con cia KGVT V. Ta néi V;, V, 1a bu nhau
néu Vi + V, = V,V; NV, = {0}. Chiing minh rang V;, V» b1 nhau khi va chi khi moi véc to
x ctia V ¢6 biéu dién duy nhét duéi dang x = x; + x3, (x1 € Vi, x0 € V).

Loi gidi. ViV = Vi + V, cho nén moéi vécts x € V c6 biéu dién x = x; + x2(x; €
Vi,xo € V). Ta chi can chiing minh biéu dién nay la duy nhét, that vay, gia st
x = x1+x = x]+ x5 v6i x1,x] € Vi,x0,x5 € V,. Khi d6 ta c6 x; — x] = x5 — xp.
Nhung vi V3, V; la cac khong gian vécto con cia V nén x; — x] € V3, x5, — x2 € V5. Do
d6 x; — x] = xh —x2 € Vi N Vo = {0} Vay x; = x], xo = x} va ta ¢6 biéu dién da cho la
duy nhét.

Néu moi véc to x ctia V ¢6 biéu dién duy nhat duéi dang x = x; +xp, (x1 € Vi, x5 € V3)
thi duong nhién V = V; + V5. Ta chi can chitng minh V; NV, = {0}. That vay, gia sit
x € V1NV, khi d6
x= 0 4+ x = x + 0

N~ e e
en eV, eV eVy

Vi tinh duy nhét ctia biéu dién nén x = 0, hay V; NV, = {0}. ]
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2. Khéng gian véctd con 49

Bai tap 3.5. Cho V 1a KGVT c4c ham s6 x4c dinh trén [a,b] . Dat
Vi={f(x) eV |f(x) = f(=x),Vx € [a,b]},Va={f(x) € V [f(x) = —f(—x),Vx € [a,b]}
Ching minh V3, V, 1a bu nhau.

Loi gidi. Puong nhién V; NV, = {0} (chi ¥ ring vécto 0 6 day 12 ham s dong nhét biang
0 trén [a,b]). Mat khac véi mbi ham sé f(x) xac dinh trén [a, b] bat ki, dit

g(x) = L) +2f(_x),h(x) _ w

thi ¢(x) € Vi, h(x) € Vo va f(x) = g(x) +h(x), nghiala V = V; + V5. Ta c6 diéu phai chiing
minh. u
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50 Chuong 3. Khong gian vécto.

§3. CO SO VA TOA PO

3.1 Poc lap tuyén tinh va phu thudc tuyén tinh
Pinh nghia 3.12 (Pdc 1ap tuyén tinh va phu thudc tuyén tinh).
a) Hé (ay,...,u,) duoe goi Ia doc 1ap tuyén tinh néu hé thic
a0 + aron + ... aze,; =0
chi xayrakhiay =a, = ... =a, = 0.

b) Hé («1,...,u,) dudc goi 1a phu thudc tuyén tinh néu né khéng doc Iap tuyén tinh.

3.2 Co sé va s6 chiéu cua khong gian vécto

DPinh nghia 3.18. Mot hé vécto ciia V duoc goi 1a mét co s6 ciia V néu méi véctd ciia V
déu biéu thi duy nhat qua hé nay.

Nhu vay mdi co sé déu 1a mét hé sinh.

Dinh ly 3.9. Cho hé vécto S = {v1,vy,...,v,} cua V. Khi do S la mot co sé cia V khi va
chi khi no 1a mét hé sinh doc I1ap tuyén tinh.

DPinh nghia 3.14. Khong gian véctd V duoc goi 1a hitu han sinh néu né cé mét hé sinh
gom hitu han phan ti.

Dinh 1y 3.10. Gid stV # @ la mét khong gian vécto hitu han sinh. Khi do'V ¢o mét co sé
g6ém hitu han phan tit. Hon nita moi cd sé cia V déu co sé phan ti bang nhau.

Trén co s6 dinh 1y trén, ta di dén dinh nghia sau

Pinh nghia 3.15. a) S6 phan tif ciia méi co s6 cia khong gian vécto hitu han sinh
V # {0} duoc goi Ia s6 chiéu hay thi nguyén ciia khong gian vécto V, ki hiéu Ia
dimV. Néu V = {0} thidimV = 0.

b) NéuV khéng co mot co sé nao gom hitu han phan tit thi no duoc goi la mét khong
gian vécto vo han chiéu.

DPinh nghia 3.16 (Toa d6). BJ vé hudng (a1, ay,...,a,) xdc dinh bdi diéu kién a = Y, a;u;
dugc goi la toa do cua vécto n trong co s (a1, ay, ..., 0y,)

50



3. Co sé va toa dé 51

3.3 Bai tap

Bai tap 3.6. Cho Vi, V; la hai khong gian véc té con cia KGVT V, {vy,vp,- -+ , vy} 12 hé
sinh caa Vi, {uy,up, - -+ ,u,} 1a hé sinh caa V,. Ching minh {vy, -, vy, uy,up, -+ ,uy} la
hé sinh cua V; + V5.

Loi gidi. Moi x € Vi + Vo tacod x = x1 +x2(x1 € Vi, x0 € Va). Vi {v1,02,+-+, 05} 12 hé
sinh cia Vi, nén x; = a0y + a0y + ... + &p0m, {41, up, -+ ,u,} la hé sinh cia V, nén
Xp = Aquq + Ay + ...+ Ayuy,. Vay

X = ®01 + 0202 + ...+ QO + Aqug + Apup + ..+ Ayuy
Vay {vy,- -+ ,0m, U1, Up, - -+, un} 12 hé sinh caa Vi + V5. n
Bai tap 3.7. Trong KGVT V, cho hé vécto {uy,uy, - ,un, 41} 12 phu thudce tuyén tinh
va {uy,up, - -+ ,u,} 12 hé doc 1ap tuyén tinh. Chiing minh u,,,; 14 t6 hop tuyén tinh ctia céc
vécto uq, uy, - - -, uy.
Loi gigi. Vi hé {uy,up, -+, u,41} phu thude tuyén tinh nén ton tai rang budc tuyén
tinh khong tam thuong
Mug + Aguip + ..o+ Ay =0
1. Néu A1 = 0thi Adquq + Apup + ...+ Apuy, = 0. Vi {ug, up, - - - ,u,} la hé doc lap tuyén
tinh nén tit rang budc tyén tinh trén ta suyraA; = Ay = ... = A,, = 0. Piéu nay mau
thuan v6i A, Ay, ..., A1 khong dong thoi bang 0.
2. Vay A1 # 0. Khi d6
1

n+1

Upi1 = — (AMquq + Agup + ... + Aquy)

Bai tap 3.8. Trong R3 xét xem céc hé véc to sau doc 1ap tuyén tinh hay phu thudc tuyén
tinh:

a) v1 =(1,2,3),v2 = (3,6,7).

b) v1 = (4,-2,6),0, = (—6,3,—9).

c) v1=(2,3,-1),vp =(3,-1,5),v3 = (—1,3,—4).

Loi gidi.  a) Xét rang budc tuyén tinh

AM+30 =0
M=0
MO1+A0 =05 20 +60, =0 < o
=

3M +7A, =0

Vay hé {v;,v,} doc lap tuyén tinh.
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52 Chuong 3. Khong gian vécto.

b) Tuong tu, hé da cho doc lap tuyén tinh.

¢) Xét rang budc tuyén tinh

201 +3A — A3 =0 A =0
MU+ A0 +A303 =0 (301 — Ay +3A3 =0 S <A =0
—A1+5A, —4A3 =0 A3 =0

Vay hé da cho doc lap tuyén tinh. [

Bai tap 3.9. Trong R?, chiing minh v; = (1,1,1), v, = (1,1,2),v3 = (1,2,3) 1ap thanh mét
co s6. Cho x = (6,9,14), tim toa d ctia x dbi véi co s6 trén.

Loi gidi. Ta da biét dimR>® = 3 nén muén chiing minh hé {v;,v,,v3} 12 mét co sd ca R>
ta chi can ching minh né doc 1ap tuyén tinh hoic 14 hé sinh ctaa R3. n
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§4. SO CHIEU VA CO SO CUA KHONG GIAN CON SINH BOI
HO VECTO - HANG CUA HO VECTO

4.1 Mo dau
Gia st V la mot khong gian vécto va
S={uy,up,...,.up} CV

Theo dinh ly [3.8 thi spanS 142 mét khong gian con ctia V. Hay tim s6 chiéu va co sé clia
spanS.

4.2 Hang cua mot ho vécto

Dinh nghia 3.17. Xét ho S = {uy,uy,...,up} C V. Sé vécto doc Iap tuyén tinh toi da co
thé rut ra tir ho S duoc goi la hang ctia ho S va ki hiéu la r(S) hay p(S).

4.3 Cach tinh hang cua mot ho vécto bang bien d0i so
cap

Lemma 3.1. Hang ciia ho vécto S bang hang ciia ma tran toa dé ciia nd trong bat ki co sé

nao cua khong gian V.

Theo b6 dé trén, muén tim hang cta ho vécts S, chi can tim ma tran toa do cta né
trong mot co sé bat ki cta V (théng thuong ta chon cd sé chinh tic). Sau d6 ap dung céc
phép bién d6i so cap trén hang dé dua ma tran da cho vé ma tran bac thang.

4.4 So chiéu va co s6 cua khong gian con sinh bdi ho
vécto
Dinh ly 3.11. ChoV la mét khong gian vécto

S={uy,up, ..., up}
Khi doW = span(S) la mot khong gian vécto con co 50 chiéu bang hangr cia S va moi ho
r vécto doc Iap tuyén tinh rit tir S 1a mét co sé cia W.
Nhan xét: Moi ho r vécto doc 1ap tuyén tinh rat tit S 1a mét co s6 ctia W. Vi vay trong thuc
té, mudn tim r vécto doc lap tuyén tinh tit W thi nén viét toa d6 ciia ho S theo hang. Khi
d6 mot co s6 cua W chinh la cac vécto co toa do la cac hang khac khong ctia ma tran bac
thang thu dudc sau cac phép bién déi s cap.
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54 Chuong 3. Khong gian vécto.

4.5 Bai tap
Bai tap 3.10. Tim co s6 va s6 chiéu cia KGVT sinh béi hé véc to sau:
a) v = (2,1,3,4),v, = (1,2,0,1),v3 = (—1,1,-3,0) trong R*.

b) v1 = (2,0,1,3,-1),v, = (1,1,0,-1,1),v3 = (0,-2,1,5,—3),v4 = (1,—3,2,9, —5) trong
RO.

Loi gigi. a) Taco

2 1 3 4\2H,—-H;{ (2 1 3 4 . 21 3 4
A=|[1 2 0 1 — 03 -3 -2|H3—H|0 3 -3 -2
-11 -3 0/ 2H3+H; \0O 3 -3 4 00 0 6

Vay r ({v1,v2,v3}) = 3 nén sb chiéu ctia khong gian véctd sinh bdi hé vécto da cho 1a
3, va mot cd s6 cta né chinh 1a {vy,v,, v3} hoac {(2,1,3,4),(0,3,-3,2),(0,0,0,6)}.

b) Tuong tu
2 0 1 3 -1 2 0 1 3 -1
1 1 0 -1 1 0 -2 -1 -5 3
A= — .. —
0 21 5 -3 0O 0 0 0 O
1 -32 9 -5 0O 0 0 0 O

Vay s6 chiéu ctia khong gian véctd sinh béi hé vécto da cho 1a 2 va mot co s ciia né
la {(2,0,1,3,-1),(0,2,—1,-5,3)}. u
Bai tap 3.11. Trong R* cho céc véc to:
01 = (11 01 11 0)1 Uy = (OI 1/ _11 1)/ 03 = (11 11 112)1 U4 = (OI 0/ 1/ 1)

. Pat V| = span(vy,v,), Vo = span(vs, vy). Tim cd 86 va s6 chiéu ctia cac KGVT V; + Vo, Vi N
V.

Ldi gidi. Cha ¥ rang néu V| = span(vy,v;), Vo = span(v3, vy) thi

V1 + Vo = span(vy, v2, U3, 04).

10 1 O 10 1 O
01 —-11 01 —-11
11 2 00 1 1
00 1 00 0
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4. S6 chiéu va co s6 clia khong gian con sinh bdi ho vécto - Hang ctia ho vécto 55

Vay dim(V; 4+ V,) = 3 va mét co s6 caa né la {(1,0,1,0),(0,1,—1,1),(0,0,1,1)}.
Giasttx € Vi NV, thix = x101 + X002 = x303 4 x404. Tt déng thic X101 + X202 = X303 4 X404
dan chung ta t6i hé phuong trinh sau:

(
X] — X3 =0
X2 — X3 =0

|
X1 — X2 — X3 — X4 =0
Xp — 2X3 — X4 =0

Giai hé phuong trinh trén bing phuong phap Gauss ta thiy hé phuong trinh trén cé vé6
s6 nghiém (xq, xp, x3,x4) = (t,t,t,—t),t € R. VAy x = x101 + x00, = t(v; +vp) = £(1,1,0,1).
Vay dim(V; N V;) = 1 va mét co sé caanéd la {(1,1,0,1)}.

Chuy:

dim(V; + V,) = dimV; 4+ dimV, — dim(V; N V;)

Bai tap 3.12. Cho KGVT P; [x] tim hang ctia hé véc to sau: v; = 1 +x% + 13, 0p = x — x2 +
2x3 3 =2+ x+3x3, 04 = -1+ x — x% + 2x3.

Loi gidi. Nhan xét rang hang cta hé vécto bang hang cia ma tran toa d6 cia né trong bat
ki cd s6 nao ciia khong gian V nén

1 0 1 1 10 1 1

0O 1 —1 2 01 -1 2
A= —_ .. —

2 1 0 3 00 -1 -1

-1 1 -1 2 00 O 0

Vay hang ctia ho vécto trén bing 3 va mot co sé ca khong gian vécto sinh béi né 1a
{14+ 22+ 28, x — 22+ 243, —x% — 13}, -

Bai tap 3.13. Xét tinh chat doc lap tuyén tinh, phu thudc tuyén tinh, tim hang cia céc
hé véc to sau trong khong gian cac ham s6 lién tuc trén R:

a) 1,2sin?x,3 cos? x.
b) 1,sin2x,sin 3x.
©) 1+x2 (1+x)%, (24 x)2
d) e*, e, 1+e%2+e %
Loi gidi. a) Heé vécto da cho phu thudc tuyén tinh vi c6 mot rang budc khong tam thuong

1— % <2$in2 x) — % <3czos2 x) =0
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56 Chuong 3. Khong gian vécto.

b) Gia st c¢6 rang budc tuyén tinh A1.1 + Ay.sin2x + A3.sin3x = 0. Chd ¥ réng vécto
khéng ctia khong gian C(R) cac ham s6 lién tuc trén R 13 ham s6 dong nhét bang 0
nén:

1. Cho x = 0thi Ay = 0. Vay ta c¢6 A,.sin2x + A3.sin3x = 0.
2. Cho x = 7 thi Ay = 0. Vay ta c6 A3.sin3x = 0.
3. Chox = 7 thi A3 =0.

Vay hé vécto da cho doc 1lap tuyén tinh.
¢) Heé vécto da cho doc lap tuyén tinh

d) Hé vécto da cho doc 1ap tuyén tinh [

Bai tap 3.14. Tim co s6 va s6 chiéu ctia khong gian nghiém ctia hé phuong trinh thuan

nhat sau: )

X1 —Xp4+2x3+2x4 — x5 =0
X1 —2xp +3x3 — x4 +5x5 =0
2x1+x3+x34+x4+3x5 =0

3x1 — X2 —2x3— x4+ x5 =0

Dinh ly 3.12. Néu A la mét ma tran c6m x n thi sé chiéu ciia khong gian nghiém ctia hé
phuong trinh thuan nhat Ax = 0 bang n trir di hang cia A.
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§5. BAI TOAN POI €O SO

5.1 Dit van dé
Trong khong gian vécto n chiéu V gia st c6 hai co s6
B=(e1e...,en) vall = (e}, e5,...,¢e,)

Ki hiéu [v]z = [01,0,...,v,]" 12 toa d6 cot clia vécto v € V trong co s6 B. Hay tim méi lién
hé gitta [0]p va [v]p

5.2 Ma tran chuyén
DPinh nghia 3.18. Néu ton tai ma tran P thod man

[v]g = P[v]g vdi méiv € V
thi ma tran P duoc goi la ma tran chuyén co sé tir B sang B'.

Lemma 3.2. Vii méi cdp co sé B va B' cia V thi ma tran chuyén co sé tir B sang B’ tén
tai duy nhat va duoc xdc dinh theo céng thiic

DPinh 1y 3.13. Néu P la ma tran chuyén co s6 tir co s6 B sang cd s6 B’ thi
(a) P kha ddo (tic Ia P khong suy bién, detP # 0)

(b) P~ Ia ma tran chuyén co sé tir B’ sang co sd B

5.3 Bai tap

Bai tap 3.15. Trong P; [x] cho cac véc to v; = 1,05 = 1+ x,03 = x + x%, vy = % + x>,
a) Ching minh B = {v1,v;,v3,v4} 1&a mot co sé caa P; [x].
b) Tim toa dd ctia véc to v = 2 + 3x — x% + 2x3 dbi véi co sd trén.
¢) Tim toa dd ctia véc to v = ag + a1x + a,x2 + azx> d6i véi co s6 trén.

Bai tap 3.16. Cho KGVT P, [x] véi c6 s& chinh tdc E = {1,x,x%x3} va c6 s6 khac B =
{1,a+x,(a+x)?, (a+ x)}. Tim ma tran chuyén co sé tit E sang B va ngudc lai tit B sang
E. Tt d6 tim toa do ctia véc to v = 2 + 2x — x2 + 3x3 d6i véi co s6 B.

57



58

Chuong 3. Khong gian vécto.

58



CHUONG 4

ANH XA TUYEN TiNH

§1. ANH XA TUYEN TINH

1.1 Khai niém
Pinh nghia 4.19. AnhxaT:V — W tir khéng gian vécto V tdi khong gian vécto W dudc
goi Ia anh xa tuyén tinh néu
@D Tu+o0)=Tu)+T(v),YVu,veV
(1) T(ku) =kT(u),Vk e R,u eV
Mot s6 tinh chét ban dau cta anh xa tuyén tinh:

Pinh 1y 4.14. ChoT : V — W la 4nh xa tuyén tinh tir khong gian vécto V tdi khéong gian
vectd W. Khi do

a) T(0) =0.
b) T(—v) = —T(v),Vv € V.

¢) T(u—v)=T(u)—T(v),Yu,v € V.

1.2 Bai tap

Bai tap 4.1. Cho V 1a KGVT, V* = Hom(V,R) = {f : V — R, f 1a 4nh xa tuyén tinh}.
e o . Inéui=j
Gia st V ¢6 co s6 {eq, ey, ..., e, }. Xét tap hop {f1, f2, ..., fu} trong d6 ﬁ(ej) = )

Onéui#j

Ching minh {fi, f5, ..., fu} 1a co s6 caa V*, dudc goi la co sé doi ngau dng véi {e1,€2,....en}.
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60 Chuong 4. Anh xa tuyén tinh

Loi gidgi. Mudn chitng minh { f1, f2, s fn} 1a mot co s6 cua V*, ta sé ching minh né la mét
hé sinh ctia V* va doc 1ap tuyén tinh.

1. Chitng minh {fy, fo, ..., fn} 12 mot hé vécto doc lap tuyén tinh.
Gia st ¢6 rang budc tuyén tinh
)Llfl—l—)tzfz—l—...—l—)mfn =0 (1)

Téc dong hai vé 1én vécto e; ta dudc

Mfiler) +A2f2(er) + ...+ Anfuler) =0 (2)

Theo dinh nghia thi fi(e;) = 1, f2(e1) = 0,..., fu(er) = 0 nén tu (2) suy ra Ay = 0.
Tuong tu nhu viy, néu tac dong hai vé ctia (1) 1én e, ta dude A, = 0,. . ., tac dong hai
vé ctia (1) 1én e, ta dudc A, = 0. VAy A; = Ay = ... = A, = 0, hé vécto da cho doc lap
tuyén tinh.

2. Chiang minh {f1, f2, ..., fu} 12 hé sinh ctaa V*.
Gia st f € V*,khid6 f(e1), f(e2), ..., f(en) 12 cac sb thuc x4c dinh. Ta s& chiing minh
f=fe)fit flea)fat ...+ flen)fn

That vay, vé6i méi x € V,x = Aje; + Ayep + ...+ Aye, thi
f(x) =A1f(er) + Aaf(e2) + ...+ Anf(en)
Mat khac

[fler)fi+ fle2) fa+ ...+ flen) ful (%)
= [fle)fi + fle2) fa+ ...+ flen) fu] (Me1 + Azea + ... + Anen)

=Y Aif(ej)fi(er)
ij=1

= Y Afe)
i=j=1

=f(x)
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§2. HAT NHAN VA ANH CUA ANH XA TUYEN TiNH

Dinh nghia 4.20. Cho T : V — W la 4nh xa tuyén tinh tir khong gian véctd V tdi khong
gian véecto W. Khi do
Ker(T) := {x|x € V,T(x) =0}

duoc goi la hat nhan cua T.
Im(T) :={yly e W,3x e V,T(x) =y} = {T(x)|x € V}

duoc goi la anh cua T.

2.1 Cac tinh chat cua hat nhan va anh
Dinh 1y 4.15. Cho T : V — W la mét 4nh xa tuyén tinh. Khi do
(1) Ker(T) la mot khong gian véctd con cua V.

(i) Im(T) la mgt khéng gian vécto con cua W.

2.2 Hang cta anh xa tuyén tinh - Pinh 1y vé s6 chiéu

DPinh nghia 4.21. Néu T : V — W la mét 4nh xa tuyén tinh thi sé chiéu ciia khong gian
Im(T) dugc goi la hang cia T, ki hiéu la rank(T):

rank(T) = dim Im(T)

Pinh 1y 4.16 (Dinh ly vé s6 chiéu). Néu T : V — W la mét 4nh xa tuyén tinh tir khong
gian vécton chiéu V tdi khong gian W thi

n =dimV = dimIm(T) + dimKer(T)

hay
n = dimV = dimrank(T) + dimKer(T)

2.3 Bai tap

Bai tap 4.2. Cho anh xa f : R® — R3 xac dinh béi cong thic f(x1,x2,x3) = (3x1 + xp —
x3,2x1 + x3).

a) Chung minh f 1a anh xa tuyén tinh.
b) Tim ma tran cta f d6i véi cip co s6 chinh tac.
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62 Chuong 4. Anh xa tuyén tinh

c) Tim mot co s6 cua Kerf.
Loi gidgi. a) Dé kiém tra.

¢) Theo dinh nghia Kerf = {(x1,x2,x3) € R3|f(x1,x2,x3) = 0} nén Kerf chinh 14 khéong
gian nghiém ctia hé phuong trinh tuyén tinh thuan nhéat

{3x1+x2—x3 =0

4.1)
2x1 + x3 =0
X1 bét ki
Hé phuong trinh trén c6 vo s6 nghiém véi { x; = —2x; . Vay dimKerf = 1 va mot
Xy = —bxq
cd s6 caa né la (1, -5, —2). n

Bai tap 4.3. Cho f : V — W 12 mét 4nh xa tuyén tinh. Chiing minh rang
a) f la don anh khi va chi khi Kerf = {0}.
b) fla toan anh khi va chi khiIm f = W.

Ldi gidi.

[=]Gi4 thiét f 12 don anh. Néu x € Kerf thi f(x) = 0 = f(0). Do f don &nh nén x = 0
hay Kerf = {0}.

[E]Giastco f(x1) = f(x2), khid6 f(x; —x2) =0nén x; —x, € Kerf hay x; —xp = 0.
Vay x; = x; va theo dinh nghia f la don anh.

h) Mot hé qua truc tiép ctia khai niém toan anh. [
Bai tap 4.4. Cho V,V’ 12 2 KGVT n chiéu va f : V — V' 1a 4nh xa tuyén tinh. Ching
minh cac khang dinh sau tuong duong:

a) f la don anh.

b) f la toan anh.

c) fla song anh.
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Loi gigi. Thuc chat chi can chiing minh ) = b) va b) = a).
a) = b) | Theo dinh ly vé sb chiéu

n = dimIm f + dimKer f (1)

Do f la don anh nén theo bai tap 4.3/ta c6 Kerf = {0}, hay dimKerf = 0 = dimIm f = n.
Mat khac Im f 1a mot khong gian vécto con ciia V/ va dimV’ = nnén Im f = V' hay f la
toan anh.

b) = a) | Ngudc lai, néu f 1a toan anh thi Im f = V/ = dimIm f = n. Tt (1) ta suy ra
dimKerf = 0 hay Kerf = {0}, ttc f 1a don anh. ]
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§3. MA TRAN CUA ANH XA TUYEN TiNH

3.1 Khai niém
Cho T : V — W 1a mot anh xa tuyén tinh tit khong gian vécto n chiéu V téi khong gian
vécto m chiéu W. Gia st B 1a mot cd s6 ctia V va B’ 1a mét co sé cia W véi
B={uy,uy,...,up}t,B ={vy,00,...,0m}

Hay tim méi lién hé gitra [T (x)] s (toa dd cot ctia vécto T(x) trong co s6 B') véi [x]5 (toa dd
cua vécto x trong co sé B).

Dinh nghia 4.22. Ma trin A cdm x n thod man tinh chat
[T(X)]B/ = A.[x]B,Vx ev

néu ton tai, dudc goi 1a ma tran ciia anh xa tuyén tinh T : V. — W déi vdi cdp co sé B trong
V va B’ trong W.

DPinh 1y 4.17. Déi véi moi cdp co s6 B ciia V va B' ciia W, ma tran cia dnh xa tuyén tinh
T :V — W tén tai duy nhét va dudc xac dinh theo céng thic:

A= [[T(u1)lg, [T(u2)lg, -, [T(un)]5,]
Y nghia ctia ma tran ctia 4nh xa tuyén tinh:

Tinh truc tiép
e

X T(x)
o [
Nhéan A[x]g [T(x)][g/

Tinh gian tiép (2)
Theo s6 d6 nay, khi da biét x € V, muén tinh T(x) c6 hai cach: cach thi nhat 1a tinh truc
tiép, cach thit hai la tinh gian tiép qua 3 buéc:

1. Tim ma tran toa do [x|g.
2. Tinh [T(X)]B/ = [T(X)]B/.
3. Tu [T(x)]p ta suy ra T(x).

C6 hai ly do dé thay tam quan trong ciia cach tinh gian tiép. Thi nhat 1a né cung cap mot
phuong tién dé tinh toan cic anh xa tuyén tinh trén may tinh dién tt. Thi hai 1a ching
ta c6 thé chon cac cd s B va B’ sao cho ma tran A cang don gian cang tot. Khi d6 c6 thé
cung cap nhitng thong tin quan trong vé anh xa tuyén tinh.
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3.2 Ma tran cua anh xa tuyén tinh théng qua phép déi
CO SO

Pinh nghia 4.23 (Ma tran dong dang). Gis sit A va B la hai ma tran vuéng cung cap
n. Ta noi B dong dang vdi A, ki hiéu B ~ A néu tén tai mét ma tran khéng suy bién P sao
cho

B=P AP

Pinh ly 4.18. Gia st T : V — V la mét toan tir tuyén tinh trong khéng gian hitu han
chiéu V. Néu A la ma tran cia T trong co sé B va A' 1a ma tran cia T doi vdi co sé B’ thi

A =p1Bp

trong do P la ma tran chuyén co sé tir B sang BB'.

3.3 Bai tap

Bai tap 4.5. Cho anh xa f : R?> — R* xac dinh béi cong thic f(xq, x2, x3) = (x1 + x2, X2 +
X3, X3 4 X1, X1 + X2 + X3)

a) Chung minh f 1a anh xa tuyén tinh.
b) Tim ma tran caa f d6i véi cap co s6 chinh tc.
Bai tap 4.6. Cho anh xa dao ham D : P, [x] — P, [x] x4c dinh béi
D(ag + a1x + ayx® + - - -+ a,x") = ay 4+ 2apx + - - - + nax" !
a) Ching minh D 1a 4nh xa tuyén tinh.
b) Tim ma tran ctia D d6i véi cd s& chinh tic E = {1,x,2%,--- ,x"}.
c) Xac dinh Kerf va Im f
Bai tap 4.7. Cho d4nh xa f : P, [x] — P4 [x] x4c dinh nhu sau: f(p) = p + x%p,Vp € Ps,
a) Chung minh f 1a anh xa tuyén tinh.

b) Tim ma tran cta f d6i véi cdp cd s& chinh tdc E; = {1,x,x2} cta P, [x] va E; =
{1,x,x2,x3,x*} cta Py [x].

¢) Tim ma tran cta f dbi véi cép c6 s6 Ef = {1+ x,2x,1+ x?} cta P, [x] P, [x] va E; =
{1,x,x2,x3,x*} cta Py [x].
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66 Chuong 4. Anh xa tuyén tinh

Bai tap 4.8. Xét R? gidng nhu tap cac vécto thong thudng trong mit phang cé gbc 6 goc
toa d6. Cho f 1a phép quay mot géc «.Tim ma tran ctia f dbi véi co s6 chinh tac ciia R2.

Bai tap 4.9. Cho anh xa f : My — M, xac dinh nhu sau:

r([24])-

a) Chung minh f 1a anh xa tuyén tinh.

a+b b+c
c+d d+a

b) Tim ma tran caa f d6i véi co s6 chinh tic ctia M, :

_fro] _Jor] _Joo] _foo
“lool’” oo’ |10l"* |01

1 3 -1

Baitap4.10. Cho A = | 2 0 5 | la ma tran cta anh xa tuyén tinh f : P, [x] —
6 -2 4

P, [x] d6i v6i co s6 B = {vy,vp,03} trong d6: v; = 3x +3x%,0; = —1+ 3x +2x%,03 =

3+ 7x + 2x2.
a) Tim f(v1), f(v2), f(v3).
b) Tim f(1 + 22).
Bai tap 4.11. Cho anh xa f : R®* — R3 xac dinh béi
f(x1,x2,x3) = (X1 + X2 — X3, X1 — X2 + X3, —X1 + X2 + X3).
Tim ma tran cta f dbi véi co 86 B = {v; = (1,0,0),v2 = (1,1,0),v3 = (1,1,1)}.

Bai tap 4.12. Cho A 1a ma tran vudng cip n. Ta xac dinh 4nh xa f4 : M, — M, nhu sau
fa(X) = AX.

a) Chiing minh f4 1a bién ddi tuyén tinh.

b) Gia st det A # 0. Chitng minh f4 1a dang ciu tuyén tinh.

c) Cho A = . Tim ma trén caa f4 d6i véi co s6 chinh téc cua M, 1a

10,E2: 01,E3: 00,E3: 0 0
00 00 10 01

Bai tap 4.13. Cho A la ma tran kich thudc m x n, B la ma tran kich thudc n x p. Ching
minh rank(AB) < min {rank A, rank B}, vi rank(A) = hang ctia ma tran A.

c
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4. Tri riéng va véctad riéng 67

§4. TRI RIENG VA VECTO RIENG

4.1 Tri riéng va véctd riéng cua ma tran

DPinh nghia 4.24. Gis sit A 12 mét ma tran vudng cap n. Sé thuc A goi 1a tri riéng ciia A
néu phuong trinh
Ax = Ax,x € R"

co nghiém x = (x1,xp,...,x,) # (0,0,...,0).
DPé€ tim tri riéng ciia ma tran vuéng A cip #n, ta viét Ax = Ax duéi dang phuong trinh
(A=ADx =0 (4.2)

Pay 1a mét hé phuong trinh thuan nhat, muén cho A 14 tri riéng ctia A, diéu kién can va
di1 1a hé trén c6 khong tam thudng, tiic

det(A — AT) =0 (4.3)

Dinh nghia 4.25. Phuong trinh dudc goi la phuong trinh dac trung cua ma tran
vuong A, con da thuc det(A — AI) duoc goi la da thitc ddc trung cua A..

Nhu vay mudn tim tri riéng cia ma tran A ta chi can 1ap phuong trinh dac trung va giai
phuong trinh phuong trinh dac trung da cho. Con cac vécto riéng ang véi tri riéng A chinh
la cac vécto khac khong trong khong gian nghiém ctia hé phuong trinh Khong gian
nghiém ctia hé phuong trinh dudc goi la khong gian riéng tng véi tri riéng A.

4.2 Tri riéng va vécto riéng cua toan ti tuyén tinh

Dinh nghia 4.26. Gis sitV 1a mét khong gian vécto. Sé A goi Ia tri riéng ciia cia todn tit
tuyén tinh T : V — V néu ton tai vécto x # 0 sao cho T(x) = Ax.

DPinh 1y 4.19. Gii sit T 1a mét todn tit tuyén tinh trong khong gian vécto hitu han chiéu
V va A la ma tran cia T doi vdi mot co sé nao do B ciia V. Thé thi

1. Nhiing tri riéng cua T la nhiing tri riéng cua A.

2. Veécto x la vécto riéng cua T ing vdi tri riéng A khi va chi khi vécto cdt [x|p la vécto
riéng cua A ung vdi tri riéng A.
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68 Chuong 4. Anh xa tuyén tinh

4.3 Chéo hoa ma tran
Dat bai toan:
Bai todn 1: Cho V la mot khong gian vécts hitu han chiéu, T : V — V 1a mot toan ti
tuyén tinh. Ta da biét rang ma tran ctia T phu thudc vao co sé da chon trong V. Héi

¢6 ton tai mot co s6 trong V trong V sao cho ma tran ctaa T d6i véi cd s6 dé 14 ma tran
chéo.

Bai todn 2: (Dang ma tran). Cho A 14 mét ma tran vuong. Héi c6 ton tai hay khong mét
ma tran P kha dao sao cho P! AP 1a mét ma tran chéo.

DPinh nghia 4.27 (Ma tran chéo hoa dudc). Cho ma tran vuéng A. Néu ton tai ma tran
kha dsdo P sao cho P~ AP la mét ma tran chéo thi ta noi ma tran A chéo hoda duoc va ma
tran P lam chéo hoa ma tran A.

Dinh ly 4.20. Gii sir A la mét ma tran vuéng cap n. Diéu kién can va di dé A chéo hod
dugc 1a no co n vécto riéng doc Iap tuyén tinh.

Corollary 4.2. Néu ma tran A vuéng cap n con tri riéng khdac nhau thi A chéo hoa duoc.
Quy trinh chéo hoa mot ma tran
1. Tim n vécto riéng doc lap caa A:
P1, P2, -, Pn
2. Lap ma tran P ¢6 py, p2, - .., pn la cac cot.
3. Khi d6é ma tran P sé lam chéo hoa ma tran A, hon nta
P~YAP = diag[Ay, Mg, ..., Ay

trong d6 A;(i = 1,2,...,n) la cac tri riéng tng v6i vécto riéng p;.

4.4 Bai tap

Bai tap 4.14. Tim cac gia tri riéng va co s6 khong gian riéng cua cac ma tran:

3 0 10 —9 (2 -10
a) A = ] b) B = 0C=| 5 -3 3
8 —1 4 -2
I -1 0 -2
] 10 0 0
0 10 4 -5 2 000 0
dD=| -4 4 0 eE=|5 —7 3 £)F =
0000
212 6 —9 4
L 1001
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4. Tri riéng va véctad riéng 69

Bai tap 4.15. Cho 4nh xa tuyén tinh f : P; [x] — P, [x] x4c dinh nhu sau:
f(ag + ayx + axx®) = (5a9 + 6a; + 2ay) — (ay + 8az)x + (ag — 2a7) x>
a) Tim gia tri riéng caa f.
b) Tim cac vécto riéng tng véi cac gia tri riéng tim dudc.

Bai tap 4.16. Tim ma tran P 1am chéo héa A va xac dinh P~ AP khi dé véi:

—-14 12 1

—-20 17 6 —1

100 21 -2
cgC=1011 D=0 3 1

011 00 3

Bai tap 4.17. Ma tran A c6 dong dang véi ma tran chéo khong? Néu c6 , tim ma tran chéo
do:

-1 4 -2 500 000
a)A=| -3 4 0 b)B=|1 5 0 c)C=1000
-3 1 3 015 301

Bai tap 4.18. Cho anh xa tuyén tinh f : R®> — R® xac dinh nhu sau: f(x,xp,x3) =
(2x1 — x2 — X3, X1 — X2, —X1 + X2 + 2x3). Hay tim co s6 dé f c6 dang chéo.

Bai tap 4.19. Tim c6 s6 ctia R®> d€ ma tran cha f : R® — R® c¢6 dang chéo trong dé
f(xl,xz, X3) = (ZX1 + xp + x3,x1 + 2xp + x3, X1 + X2 + ZX3)

Bai tap 4.20. Cho f : V — V 1a bién d6i tuyén tinh. Gid st f> = fo f : V — V ¢6 gia tri
riéng A2, Chiing minh mét trong 2 gid tri A hodc —A 1a gia tri riéng cta f.

Bai tap 4.21. Cho D : P, [x] — P, [x] la anh xa dao ham, con g : P, [x] — P, [x] x4c dinh
béi g(ag + arx + apx® + -+ - + apx™) = (2x + 3)(ay + 2ax + - - - + na,x" ). Tim cdc gia tri
riéng cua D va g.
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CHUONG 5

DANG TOAN PHUONG, KHONG GIAN
EUCLIDE

§1. KHAI NIEM

1.1 Pinh nghia

DPinh nghia 5.28. Cho V la mét khong gian vecto trén R. Anh xa ¢ :V xV — R duge goi
la mét dang song tuyén tinh trén V néu no tuyén tinh vdi méi bién khi co dinh bién con
lai, tuc la:

{ ¢ (hx1 +kxo,y) =he (x1,y) + ko (x2,y) Vx1,x2,y € V,Vh,k € R
¢ (x,hy1 +kyo) = he (x,y1) + ko (x,y2) VX, y2,y2 € V,Vh,k € R
Dang song tuyén tinh ¢ duoc goi la déi xiing néu
o(x,y) = @(y,x) vdimoi x,y € V
(bang cdch tuong tu ching ta co thé dinh nghia duoc mét dang da tuyén tinh trén V).

Dinh nghia 5.29. Gii sif ¢ 12 mot dang song tuyén tinh déi xiing trén V. Khi do 4anh xa
H :V — R xac dinh bdi

H(x) = ¢(x,)
duoc goi 1a mét dang toan phuong trén V ing vdi dang song tuyén tinh déi xiing ¢.

1.2 Phan loai dang toan phuong

Ta noi dang toan phuong ¢(x, x) la
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72 Chuong 5. Dang toan phuong, khong gian Euclide

1. X4c dinh duong néu ¢(x,x) > 0 véi moi x € V,x # 0.

2. Nira xac dinh duong (hay x4c dinh khong 4m) néu ¢(x, x) > 0 v6i moi x € V,x # 0.
3. Xac dinh am néu @(x,x) < 0 v6i moi x € V,x # 0.

4. Nita xac dinh am (hay xéc dinh khong duong) néu ¢(x, x) < 0 véi moi x € V, x # 0.

5. Khong xac dinh dau néu ton tai x,y € V sao cho ¢(x,x) < 0,¢(y,y) > 0.

1.3 Dang song tuyén tinh va dang toan phuong trén
khéong gian hitu han chiéu.

Cho ¢ : V,, x V;, = R1a mét dang song tuyén tinh, trong d6 V, 1a mét KGVT c6 s6 chiéu
lan.S = {ey, ey, ...,en} 1a mot co sé caa V,, . Khi do ta co:

=9 <Z xiej, Z%‘%) Z P ez/e] XiYj = Z aijXxiyj = A yls = [y]gA [x]s
-1 =1

ij=1 ij=1

Nhu vay ¢ hoan toan xac dinh béi bd cac gia tri (q)(el,e])) - Xét ma tran A = [a;;] =
[¢ (ei,¢j)]. Dang song tuyén tinh ¢ déi xing khi va chi khi A la mot ma tran déi xing.

Pinh nghia 5.30. Ma trdn A = [a;]] = [¢ (ej,¢j)] duge goi Ia ma trén cia dang song
tuyén tinh ¢ (hay ma tran cua dang toan phuong H) trong cd s6 S, biéu thiic ¢ (x,y) =
[x]5 Alyls = [y]s A [x]g duoc goi 14 dang ma trdn ctia dang song tuyén tinh ¢ trong co sd
S.Tuong tu nhu vdy H (x,x) = [x]ts A [x]|g dugc goi la dang ma tran cia dang toan phuong
H trong co sd S.

1.4 Bai tap

Bai tap 5.1. Cho f 1a dang song tuyén tinh trén khong gian véc to 3 chiéu V ¢6 ma tran

1 -1 0
ddivéicos6 BlaA=| -2 0 -2 |.Choh:V — V la anh xa tuyén tinh c6 ma tran
3 4 5
-1 1 1
dbivéicosd BlaB= | —3 —4 2 |.Ching minh anh xa g(x,y) = f (x,h(y)) l1a dang
1 -2 -3

song tuyén tinh trén V. Tim ma tran ctia né déi véi co sé B.
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1. Khai niém 73

Loi gidi. D& ching minh ¢ 1a dang song tuyén tinh ta can chiing minh:

g (hx1 +kxp,y) = hg (x1,y) + kg (x2,¥)
g (x,hy1 +kya) = hg (x,y1) + kg (x,y2)

, d& kiém tra. Do f 1a dang song tuyén tinh trén V nén ta c6 f (x,h (y)) = [x]z A[h ()]s
v6imoix,y € V.Honnuah:V — V la anh xa tuyén tinh c6 ma tran d6i véi co sé6 B 1a B
néntacé [h(y)]z = B. [y]z . Tém lai ta co:

g(x,y) = f (0 h(y)) = [x]g Alh (Y] = [x]5 A-B- [y

v6i moi x,y € V nén ma tran cta né doi véi cd sé 5 1a ma tran AB. [
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74 Chuong 5. Dang toan phuong, khong gian Euclide

§2. RUT GON MOT DANG TOAN PHUONG

Pinh nghia 5.31 (Dang chinh tic cia dang toan phuong trén KG n chiéu). Biéu thiic
ciia dang toan phuong trong cd sd S chi chiia cdc s6 hang binh phuong

a1X3 + @oX3 4. X
dudc goi 1a dang chinh tdc ciia no trong cd sé S. Ma tran cia dang chinh tdc nay la ma
tran chéo A = diag[ay, ..., ap].

2.1 Phuong phap Lagrange

n z
Xét dang toan phuong Q (x,x) = Y a;jx;xj,a;; = aj;. Gid st a;; # 0, ta nhém cdc so
ij=1
hang c6 chua xq:

Q= (allx% 4+ 2a1px1%2 + ... + 2a1nx1xn> +..+ annxﬁ

= i (a11%1 + A12%2 + o+ a1,%0) > + Q1
trong d6 Q1 khong chia x; nta. Pat y; = aj1x; +apxy + ... +ayx.,y; = x4, = 2,3,...,n,
thi Q = %y% + Qq, trong d6 Q; khéng chua y;. Tiép tuc thuc hién qua trinh trén véi Q;
chi con chia cac bién Y2,Y3, ..., yn nhu véi Q trude. Ca thé, cho dén khi thu dudc biéu thiic
khong chita s6 hang chéo nita.
Néu 1; = 0, ta tim trong cac sé hang ayy, as3, ..., Ay, Xem ¢6 s6 nao khac 0, ching han néu
axe # 0 thi ta d6i vai tro caa ay cho aq;.
Néu tat ca cac a; = 0 thi ton tai it nhat mét s6 hang 2a;ix;xj v61 a;; # 0. Luc do ta dat:

X :yi+yj’xj:yi_yj/xk:yk,k%i,j

thi 2a;;x;x; = 2 (ylz — y]2> nghia 1a trong biéu thiic cia dang toan phuong da xuat hién
s6 hang binh phuong, tiép tuc lam lai tit dau.

2.2 Phuong phap Jacobi

Dinh ly 5.21 (Jacobi). Dang toan phuong ¢ (x,x) co ma trdn trong co sé nao do cia
khéng gian n chiéu V la ma tran déi xiing A. ¢ xdc dinh duong khi va chi khi tat c4 cdc
dinh thiic con chinh cia A déu duong.
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2. Rut gon mét dang toan phuong 75

2.3 Phuong phap chéo hoa truc giao

Phuong phap chéo hoa truc giao sé dudc hoc 6 bai sau, sau khi da nghién citu khong
gian Euclide. Tuy vay, mot hé qua ctia né sé dudc néu ra ngay sau day dé giup sinh vién
c6 thém mot tiéu chudn d€ kiém tra dau ctia mot dang toan phuong (tat nhién 1a khéng
can dén kién thic vé khong gian Euclide).

Pinh ly 5.22. Dang toan phuong ¢(x,x) : R" — R ¢6 ma tran trong co s6 chinh tic 12 ma
tran déi xiing A. Khi do ¢ xdc dinh duong khi va chi khi tat c4 cdc gid tri riéng cia A déu
duong

2.4 Bai tap

Bai tap 5.2. Trén R? cho cac dang toan phuong w cé biéu thic toa do: wi(x1,x2,x3) =
X2 +5x3 — 4x% 4 2x1xp — 4x1x3 wo (X1, X2, X3) = X1 + 4x1X3 + Xox3 w3 = 5x% +2y% + 2% —
oxy + 2xz — 2yz

a) Bang phuong phap Lagrange, dua dang toan phuong vé dang chinh tic.

b) Xét xem cac dang toan phuong xac dinh duong , am khong?
Loi gidi.

wi(x1, %2, %3) = X3+ 5x3 — 4x3 + 2x1x0 — 4x1%3
= x2 +2x1 (X2 — 2x3) + (x2 — 2x3)% + 423 + 4xox3 — 812
= (x1 + X2 — 2x3)% + (225 + x3)% — 923
=ity 93

Suy ra w; khong xac dinh dau.

X1=Yy1— 2
Doi v6i wy, dat { xp = y; +y, ta duge:

X3 = Y3

w2 =y — Y3 + 51193 — 3y2y3

5 \? 3 \*
= <y1+§y3) —<y2+§ys) —4y3

=72 75— 473
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76 Chuong 5. Dang toan phuong, khong gian Euclide

Suy ra w, khong xac dinh dau.

w3 = 5x% + 2y + 2% — 6xy + 2xz — 2yz
x2+2x —§ +£z + —§ +£z i
57715 5715

3 6 \% 1 )
_5(x—gy+ﬁz) —I—g(y—i—z)

=5 +%<y2+2y2+22>

hoac
w3 = 5x% + 2y + 2% — 6xy + 2xz — 2yz
=22 422 (x —y) + (x —y)* + 4x% — dxy + 1/
= (z+x—y)*+(2x—y)*
Suy ra w3 nta xac dinh duong. [

Bai tap 5.3. Xac dinh a dé cac dang toan phuong xac dinh duong:
a) Sx% + x% + ax% 4+ 4x1xp — 2X1X3 — 2X2X3.
b) Zx% + x% + 3x§ + 2ax1xy + 2x1x3.
c) x% + x% + 5x§ + 2ax1xy — 2x1x3 + 4xx3.

Loi gidi. Cach 1: St dung phuong phap Lagrange

w = 5x% + x% + ax% + 4x1xp — 2X1X3 — 2XpX3

1 1 1 6 1
5 [x% + Z.gxl (2xp — x3) + 75 (2xp — x3)2} + gx% — §x2x3 + (a — 5) x%

1 2 \* 1
=5 <x1 + gxz — 5x3) + 5 (x% — 2x5.3x3 + 9x%> +(a—2) x%

1. 2 \* 1 > )
=5 X1+ gx2 — 2X3 -|—g(x2—3x3) + (a—2)x3

Vay w xac dinh duong khi va chi khia > 2.
Cach 2: St dung dinh ly Jacobi

5 2 -1
A= 2 1 -1
-1 -1 a
nén
5 2 -1
5 2
A1:|5|:5,A2: s 1 :1,A3: 2 1 —1|=a-2
-1 -1 a
Vay w xac dinh duong khi va chi khi a > 2.
Cach 3: St dung dinh ly n
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2.5 Két luan

1. Phuong phap Lagrange dé rit gon mot dang toan phuong 1a phuong phap kha don
gian vé mat ki thuat bién doi.

2. Phuong phap Jacobi chi ap dung dudc trong truong hdp ma tran A ctua dang toan
phuong c6 tat ca cac dinh thiic con chinh déu khac 0. Tuy nhién trong cac bai toan
bién ludn, tim cic tham s6 dé mot dang toan phuong xac dinh duong thi phuong
phap Jacobi lai kha hiéu qua (bai tap [5.3).

3. C6 nhiéu cach khac nhau dé dua mot dang toan phuong vé dang chinh téc, diéu d6
¢6 nghia moét dang toan phuong cé thé ¢ nhiéu dang chinh tic khéc nhau (trong
nhiing ¢ sé khac nhau). Tuy nhién ching ta c¢6 dinh luat quan tinh sau: “Khi moét
dang toan phuong dugc dua vé dang chinh tic bang hai cdch khdc nhau (tic la trong
nhiing co sé mdi khdc nhaw) thi sé cdc hé sé duong va sb cdc hé sé Gm bing nhau, va
ching lan luot dugce goi la chi sb qudn tinh duong va chi s6 qudn tinh Gm ctlia dang
toan phuong da cho”.
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§3. KHONG GIAN EUCLIDE

3.1 Tich vo hudéng va khong gian c6 tich vo huéng

Pinh nghia 5.32. Cho V la mét khong gian vectd, mot tich vé hudng trén V la mét anh
xa < .,.>:V xV — R thod man céc tién dé sau:

TVHI1: < u,v > xac dinh véi moiu,v € V
TVH2: <u,v>=<v,u >

TVH3: <u+o,w>=<u,w >+ <o,w >
TVH4: < ku,v >=k<u,v>

TVH5: < u,u >>0,< u,u >= 0 khi va chi khi u = 0.

Nhan xét: Tich v6 huéng 1a mét dang song tuyén tinh, déi xing, v dang toan phuong
sinh bdi n6 xac dinh duong.

Pinh nghia 5.33 (P06 dai cua vectd). ChoV la mdt khong gian co tich vo hudng. Khi do
do dai (hay chuédn) ciia vectd « € V 1a s6 thuc khong 4m ||a|| = /< a, & >.

Dinh nghia 5.34 (Khoang cach). Cho V la mét khong gian co tich vo hudng. Khi do
khoéng cach giita hai vecto u va v la sé thuc khong am d(u,v) = ||u — v||.

Dinh nghia 5.35 (Su vuong goc). Hai vecto u va v dugc goi la vudng goc hay truc giao
vdi nhau va duoce ki hiéu Ia u | v néu

<uov>=0
Pinh nghia 5.36 (Ho vectd truc giao, truc chuan).

a) Hé vecto (e1,ey,...,¢er) cua khong gian vecto Euclide E dudc goi la mdt hé truc giao
néu cdc vecto ciia hé doi mét vudng goc vdi nhau, tic la

<ej,ej>=0néui#j

b) Hé vecto (e1, ey, ..., e;) cua khong gian vectd Euclide E dugc goi 1a mét hé truc chuin
néu no la mot hé truc giao va méi vecto ciia hé déu co do dai bang 1, tic Ia

0 néui # i
<€1',€]' >= 51']': B #]
1 néui =
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Ménh dé 1.
(i) Moi hé truc giao khéng chita vecto 0 déu déc Iap tuyén tinh.

(ii) Néu hé vecto (eq, e, ..., e;) la truc giao va khéng chita vecto 0 thi hé vecto

(e—l, L2, e—") 1la mét hé truc chuén.
le1][” Ie2]] llex|l U T

3.2 Phép truc giao hoa Schmidt

Dinh ly 5.23. Cho V la mét khong gian vecto co tich vo hudng, S = {uy,uy, ..., u, } la mot
ho vecto doc Iap tuyén tinh cia V. Ta co thé thay S bdi ho truc chudn S' = {vy,vy,..., 0,4},
sao cho span{uy,uy,..., ux} = span{vy,vy,..., vk} vdimoik =1,2,...,n.

Bude 1: Dat v, = 4

[Juq ]

Budc 2: Dat v, = up +tvg saocho < 73,1 >=0tuclat = — < up,v; >. Sau d6 chon v, =

% Gia stt sau k — 1 buéc ta da xay dung dude ho truc chuan S, 1=1{v1,v2, ..., v_1}

sao cho span{uy,uy, ..., ux_1} = span{vy,vy,..., vx_1}. Ta thuc hién dén buée thi k
sau:

Budc k: Dat vy = ug + t101 + ... + {_10¢_1 sao cho < T, v; >=0,j = 1,2,...,.k — 1 Ticla ta
c6tj = — < u,v; >,j=1,2,...k—1. Sau d6 chon v = = Tiép tuc thuc hién dén

[kl

khi k = n ta thu dugc hé truc chuén S’ = {vy,v,,..., v, }

Nhan xét: Vé mit Iy thuyét, chiing ta vita chuén ho4, vita truc giao cic vects nhu & trén,
tuy nhién trong thuc hanh néu gip phai cac phép toan phiic tap khi sau mdi buéc phai

chuén ho4 vécto v, = % , nguoi ta thuong chia 1am hai phan: truc giao hé vects S trudc

roi chuén hoa cac vectd sau.

Bude 1: Patv; = uy

Budc 2: Dat v, = up + tvg saocho < v,v; >=0,tidclat = %

Gia st sau k — 1 budc ta da xay dung dudc ho truc giao S, | = {v1,v2,...,v4_1} sao
cho span {uy,us, ..., ux_1} = span {v1,0s, ..., vx_; }. Ta thuc hién dén buéc thi k sau:

Budc k: Dat vy = uy + t101 + ... + t_10k_1 sao cho < vy, v; >=0,j = 1,2,...,.k—1 Tic la
‘jﬁf‘jf, j=1,2,..,k— 1. Tiép tuc thuc hién dén khi k = n ta thu dudc hé
truc giao S’ = {v1, v, ..., U }.

ta ¢o ti =

Budc n+1: Chuin hoa cdc vects trong hé truc giao S’ = {v1,vs,..., v, } ta thu duge hé truc
chuédn can tim.
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80 Chuong 5. Dang toan phuong, khong gian Euclide

3.3 Hinh chiéu ctia mét vectd 1én mét khong gian vecto
con

Pinh nghia 5.37. Gia sitU,V la cac khong gian vecto con cia khong gian Fuclide E.

(a) Ta noi vecto « € E vudng goéc (hay truc giao ) vdi U va viétw L U, néuw L u vdi moi
ue l.

(b) Ta noi U vudng géc (hay truc giao ) vdi V vaviet U L V, néuu 1 v vdi moi u €
UuovelV.

Pinh nghia 5.38. Gia sz U la m¢t khong gian vecto con cia khong gian Fuclide E. Khi
do
Ut = {a € Ela L U}

duoc goi Ia phan bu truc giao ciia U trong E.
Dé thay rang Ut cling 1a mét khéng gian vecto con cta E.

Dinh ly 5.24. Gia sitU la mét khong gian vecto con cua khong gian Euclide E. Khi do vdi
moéi vectd x € E déu thira nhan su phan tich duy nhat

x=u+u"
trongdou € U vaut e Ut.

Dinh nghia 5.89. Vi cdc gia thiét nhu trong dinh Iy trén, u dudc goi Ia hinh chiéu
ctia x 1én khong gian vecto U va u duoc goi Ia thanh phan cia x truc giao vdi U.

Dinh ly 5.25. Gia sit U la mét khéng gian vecto con cua khong gian Fuclide E va U co
mét o s6 truc chudn Ia S = {vq,v,,...,v,}. Khi dé hinh chiéu ciia vecto x € E bat ki dudc
xdc dinh theo cong thiic

U=<x,01>.01+<x,00>.0D+...<X,0, > .0y
3.4 Bai tap
Bai tap 5.4. Cho V la khong gian Euclide. Chiing minh:
2 2 2 2
a) [lu+ ol + u—ol* =2 (Jlul*+ oIP)-
2 2 2
b) ulv < ||lu+o||° = |u||”+|v||°,Vuv e V.
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3. Khong gian Euclide 81

Loi gidgi. a) Tacé
lu4o|> =<u+v,u+v>=|ul*+2 <u,0 >+ 0|
Ju—o|> =<u—v,u—0v>=|ul* -2 <u0 >+ ||

-+ ol + lu = ol =2 (Jlul® + lo]?)

Y nghia hinh hoc: Ding thic hinh binh hanh

R | =2 (] + )

e+ = [lu]® + [lol* & Jul® +2 < u,0 > + |lo|?
= [[u®+ ||v||* @< u,v >=0< ulv

Y nghia hinh hoc: Pinh ly Pitago.

u+vo

Bai tap 5.5. Gia st V 1la KGVT n chiéu véi co s6 B = {e1,€z,....en}. V61 u,v la cac véc
tocha Vtacou = ajeg +azer + -+ +apey,, v = bieg +boer + -+ bye, . Pat < u,v >=
arby +agby + - - - +ayby
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82 Chuong 5. Dang toan phuong, khong gian Euclide

a) Ching minh < u,v > la mét tich vo6 huéng trén V.

b) Ap dung cho trusng hop V = R>, véi e; = (1,0,1),e0 = (1,1,—1) ,e3 = (0,1,1),u =
(2,—-1,-2),v=(2,0,5). Tinh < u,v >.

¢) Ap dung cho trusng hop V = P, [x], véi B = {1,x,x2} ,u = 2+ 3x%,0 = 6 — 3x — 3x2,
Tinh < u,v >.

d) Ap dung cho trudng hop V = P, [x], v6i B = {1+x,2x,x—x2},u =2+3x%0 =
6 —3x —3x2. Tinh < u,v >.

Bai tap 5.6. Xét khong gian P; [x]. Kiém tra cdc dang < p,q > sau c6 phai la tich vo
huéng hay khong?

a) < p,q>=p(0)q(0) +p(1)q(1) +p(2)q(2)
b) <p,q>=p(0)9(0) +p(1)q(1) + p(2)9(2) +p(3)4(3)
1
c) < pg>= /p(x)q(x)dx Trong truong hop la tich v6 huéng tinh < p,q > véi p =

s}
2 —3x+5x%—x3,g =4+ x — 3x> + 2x°

Loi gidi. a) Dé dang kiém tra cac tién dé TVH 1,2,3,4. Riéng doi véi tién de TVH 5, ton
taivecto p =x(x—1)(x —2) # 0 ma:

<pp>=p0)+p (1) +p*(2) =0
Do d6 biéu thic da cho khong phai 1a mot tich vo huéng.

b) < p,q > da cho la mot tich vé huéng, dé dang kiém tra cac tién dé TVH1,2,3,4. Riéng
tién dé TVHS5, ta c6:

<pp>=p"0)+p*(1)+p*(2)+p*(3) >0

<pp>=0sp0)=p1)=p2)=p@3) =0
Gia stt p = a + bx + cx? + dx3, giai hé phuong trinh tit c4c diéu kién p (0) = p (1) =
p(2)=p((3)=0,tadudca=b=c=d=0,nghiala p =0.

c¢) Biéu thic da cho 14 mot TVH n
Bai tap 5.7. Dung phuong phap truc chuan héa Gram - Smidt xay dung hé truc chuén tu

hé vécto {ul,uz,u3,u4} Vi1 u = (1,1,1,1),112 = (0,1,1,1),113 = (0,0,1,1),114 = (0,0,0,1)
trong R* véi tich vo huéng chinh tic
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3. Khong gian Euclide 83

1
Bai tap 5.8. Trong P»[x] dinh nhia tich vo huong < p,q >= [ p(x)g(x)dx vdi p,q €
P, [x]. B
a) Truc chuén hoa Gram — Smit ¢6 s6 B = {1,x,x?} d€ nhan dudc cd s6 truc chuén A.
b) X4ac dinh ma tran chuyén co sé tit B sang A
¢) Tim [r], biét r = 2 — 3x + 3x?

Loi gidi. Patu; =1, up = x, u3 = x2

1
Bude 1: Dt v; = - trong d6 |[us]]* = /1dx =2,nénov; = .
-1

[Jua ]| V2
1
Budce 2: Dato; = up +tvg , trong do t = — < up, vq >=—/x.%dx:0,véyv_2:u2:x.
-1
1
- 5 a2 = 20 — 2 U3 _ V3
Chon v, = kAl , trong dé ||77| —/x dx = 5, vay vy X
-1
( 1
_ - _ 2 1 gy 2
t1=— <uz, v >= /x.ﬁdx 3.3
Budc 3: Dat 3 = uz + t1vy + £y, trong do _11
fh = — < U3, vp >= —/x?%xdx =0
\ -1
; 2
.22 1 .2 1 _ v P 2 1 _ 8
Vay U3 = BN AV —g-ChQnU3—HUT§HtT0nng | 73| —/(x —g) dx = 3=

-1
Vay v3 = % (xz — %) Tém lai ta nhan dudc co sé truc chuin

a3 .

Bai tap 5.9. Cho khong gian Euclide V hitu han chiéu, W 1a khéng gian con ctia V va u
la mot vécto cua V. Chitng minh:

a) Ton tai véc to u’ cia W sao cho (u —u') LW

b) Khi d6 ||u — /|| < ||u — w]||,Yw € W
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84 Chuong 5. Dang toan phuong, khong gian Euclide

Loi gidgi. a) Cach 1: Do W 1a khong gian con ctia V hitu han chiéu nén W ¢6 mot co sé
truc chuén 1a S = {vy,0y,...,vy} . Khi d6 v6i moi u € V, ta dat v’ =< u,0v; >
01+ < u,vy > vy + ..+ < U, vy > vy. Ta sé ching minh (v — 1) LW. That vay,
vihé S = {vy,0,,..., 0 } truc chuén nén:

<u—u,v;>=<uuv>—<u,v;>
=< u,v; > — (< u,v1 >0+ < U0 >0+ .t < U Vy > U, Uj)
=< u,v;>—<unv >
=0

Suyra (u—u') lo;véimoii=1,2,...,mnén (u—u') LW

Cach 2: Do W 1a khong gian con ctia V hitu han chiéu nén W ¢6 mét co s6 1a S’ =
{v},v),...,v),} , va ching ta c6 thé b sung thém cédc vécto dé duge co s6 cua
khong gian V 1a §” = {v},v}, .., v}, v}, .1, ..., v, }. Thuc hién qua trinh truc giao
hoa Gram-Smidt vao hé Sj ta thu dudge co sé truc chuén S = {vq, 0y, ..., v} cla
W va {v1,v2, ..., Um, Um+1, -, Un } cta V. Khi do:

Yu € V,u = a1v1 + a0y + ... + aymOm + 411941 + --n0p

~ ~

u! u—u'

Rorangu' e Wva (u —u') LW.

b) Ta cé

= wi? = (e =)+ (' = w) [P = [l =+ [’ = w]* > [ =

do(u—u)lWmnén (u—u)L (W —w)eW
Y nghia hinh hoc: Néu goi u 1a mét vécto trong khong gian R® va W 1a mét phing
bét ki thi 4’ chinh 1a hinh chiéu cta vécts u lén mit phang W, con khing dinh cta
cau b) ctia bai toan néi 1én rang do dai cia dudng vudng géc bao giv ciing ngan hon
do dai ctia duong xién bat ki (xem hinh veé).
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3. Khong gian Euclide 85

[ = '] < [Ju — w0l "

Bai tap 5.10. Tim hinh chiéu cia véc to nay 1én véc to kia
a) u=(1,3,-2,4),v=(2,-2,4,5)

b) u=(41,2,3,-3),v=(-1,-2,51,4)
Loi gidi. Yéu cau bai toan tuong duong véi tim hinh chiéu ctia u 1én W = span (v).

o]l

a) Cach 1: W c¢6 mot co s6 truc chudnla S = {vl =4 = % (2, -2, 4,5)} . Do d¢:

(2,-2,4,5) = > (2,-2,4,5)

1
W =< U, >0y = <(1,3,—2,4),§(2,—2,4,5)>. o

N =

12 hinh chiéu ctia u 1én v.

Cach 2: Phan tich u = wy + w,, trong d6 w1 € W, w, LW . Viw; € W nén w; = x.v =
(2x, —2x,4x,5x) , khi d6 wp = u —wy = (1 —2x,3+2x,—2 —4x,4—5x) . Do wp LW
nén wy L v , ta ¢6 phuong trinh 2 (1 —2x) —2(3+42x) +4(—2—4x) +5(4—5x) = 0.
Suy ra x = % va w, = % (2,—2,4,5) .

Nhan xét: Hinh chiéu ctia vécto u 1én vécto v dude xac dinh theo cong thiic:

Bai tap 5.11. Cho R* véi tich vé huéng chinh tdc. Cho u; = (6,3,—3,6),u, = (5,1,-3,1).
Tim co s truc chuén ctia khong gian W sinh béi {u1, u> }. Tim hinh chiéu cta v = (1,2,3,4)
len W.
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86 Chuong 5. Dang toan phuong, khong gian Euclide

Loi gidi. Cach 1: Trudc hét ta di truc giao hod Gram-Smidt hé {uy,u,} dé thu dudc co s6

truc chuén caa W. v; = ﬁ = %mul bat v, = up + tvq trong do,

1 1 16
t=— < Uy, >=—(Uy,——Up| ) = ———— < Uy, U] >= ———
> < % 34/10 1> 3/i0 ) V10
Suy ra
16 1 8 9 3 7 11
Uy = Y — 5111_3/1 T 6131_316 — =7 =7 =7 =
% 1 1,
Vg = —— = 9,-3,-7,—11) = v
> ml \/260( ) V260

Cuoi cung ta co

w =<0,01 >0+ <0,03 >0V

1 1 1 ,> 1,

={0 u U1 +4(0, 0 0

< 310 1> 310 < V260 260

1
:% <(1/ 2/ 3, 4) 7 (6, 3, _3, 6)> (6, 3, —3, 6)

1

+ % <(1/ 2/ 3/ 4) 7 (9, _3, _7, _11)> (9, —3, —7, —11)

3 31
=10 (6,3,—3,6) — 130 (9,-3,-7,—11)

(=921 1015
-\ 26713713 26
Cach 2: Phén tich v = w; + w, trong d6 w; € W, wr LW.
Viw; € Wnén wy = x.uq +y.up = (6x+5y,3x+y, —3x — 3y,6x +y) ,

khi d6 wp = v—w; = (1-6x—5y,2—-3x—y,3+3x+3y,4—6x—y) . Do w, LW nén
wyLuq, wyluy, ta co6 hé phuong trinh

6(1—6x—5y)+3(2—-3x—y)—3(3+3x+3y)+6(4—6x—y)=0
5(1—6x—5y)+(2—-3x—y)—33+3x+3y)+(4—6x—y)=0

_ 73— =31 oo (=9 21 10 11
Suyrax =75,y = % vawl—(%,ﬁ,ﬁ,—6>. u

—_
o
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4. Chéo hoa truc giao ma tran - Phuong phdp chéo hod truc giao 87

§4. CHEO HOA TRUC GIAO MA TRAN - PHUONG PHAP
CHEO HOA TRUC GIAO

4.1 Chéo hoa truc giao ma tran
DPinh nghia 5.40. Ma tran vuéng P duoc goi la ma tran truc giao néu PP' = 1.

Dinh nghia 5.41. Cho ma tran vuéng A, néu tén tai ma tran truc giao P sao cho P~ AP
la ma tran chéo thi ta noi ma tran A chéo hoa truc giao dudc va P la ma tran lam chéo
hoa ma tran truc giao A.

Pinh 1y 5.26 (Diéu kién can va du dé mét ma tran chéo hoa truc giao dudc). Piéu
kién can va di dé ma tran vuéng A chéo hod truc giao duoc la A doi xiing.

Quy trinh chéo hoa truc giao ciac ma tran d6i xing:

Budc 1: Tim mot cd s6 cho méi khong gian riéng clia ma tran doi xing A

Buée 2: Ap dung qua trinh truc giao hod Gram-Smidt vao méi co s6 d6 dé dudce co s6 truc

chuén cho méi khong gian riéng, ta thu dugc n vectd riéng truc chuén {f1, o, ..., fu}
ung véi cac gia tri riéng Aq, Ay, ..., Ay

Budc 3: Lap ma tran P ma cac c¢ot 1a cac vecto xay dung & bude 2, ma tran P nay sé lam
chéo hoa ma tran A, tic

A
A'=P1AP=P'AP =
An

4.2 Phuong phap chéo hoa truc giao dé rut gon mét
dang toan phuong

Gia st dang toan phuong Q c¢6é ma tran la ma tran d6i xing A trong mét co sé truc
chuén § ctia né.

Budce 1: Chéo hoa truc giao ma tran A béi ma tran truc giao P, trong d6 P 1a ma tran
chuyén co sé ti co s6 truc chudn § sang cd sé truc chudn 8’ méi.

Buéc 2: Thuc hién phép d6i bién

X1 ¢1
2| _p @)
Xn én
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88 Chuong 5. Dang toan phuong, khong gian Euclide

khi d6 Q c6 dang chinh téc
Q = M + A28 + - + Al

trong cd s6 8’ méi.

4.3 Nhan dang dudng cong phang

Xét phuong trinh moét dudng cong bac 2 téng quat sau:
ax% + 2bx1 + cx% +29x1+2hxy+d =0

Vé trai ctia phuong trinh 1a téng ctia hai ham, mot ham bac nhat p vA mét dang toan
phudng q v6i g = ax? + 2bx; + cx3, p = 2¢x1 + 2hx, +d . Muon nhan dang duge dudng cong
trén thudc dang dudng cong nao ching ta thuc hién phép doi bién truc giao dé dua dang
toan phuong g vé dang chinh tic réi bién luan theo két qua thu dude. Cha ¥y rang bét bude
phai dung phuong phap truc giao dé€ nhan dang mét dudng cong bac hai, vi chi c6 phép
bién doi truc giao méi 1a phép bién do6i bao toan khoang cach. Phép bién déi Lagrange va
Jacobi khong cé tinh chat nay, vi vAy néu st dung cac phép bién d5i Lagrange va Jacobi
thi ¢6 thé din dén viéc nhan nham mot dudng tron véi mot ellipse ching han.

4.4 Nhan dang mat bac hai

Xét phuong trinh moét mat bac hai tong quat:
ax% + bx% + cx% + 2rxyxp + 25x1x3 + 2txpx3 + 2ex1 +2¢9xp +2hxz +d =0
Vé trai 1a téng ctia hai ham, mét dang toan phuong g va mot ham bac nhat p véi:

q = ax? + bx3 + cx3 + 2rxyxp + 25x1X3 + 2tx2X3
p = 2exq1 +2gxp +2hx3 +d

Muén nhéan dang dudc mat cong trén thudc dang mat bac hai nao ching ta thuc hién phép
déi bién truc giao dé dua dang toan phuong g vé dang chinh tac roi bién luan theo két qua
thu duge. Caing tuong tu nhu nhan dang dudng cong, bat budc phai sit dung phép bién ddi
truc giao khi nhan dang mat bac hai. Néu s dung phép bién d6i Lagrange hoac Jacobi
thi ¢6 thé din dén viéc nhan nham mot hinh cau va ellipsoid ching han.
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4. Chéo hoa truc giao ma tran - Phuong phdp chéo hod truc giao 89

4.5 Ung dung ctua phép bién d4i truc giao vao bai toan
tim cuc tri cé diéu kién
Cho dang toan phuong Q = _ilaijxixj cé ma tran 1a A = [a;]  doi xing trong mot
cd sé truc chuin cta V. Hay tirrl{]guc tri ctia Q véi diéu kién x'x = x3 + x5 +..+ 12 = 1.
Bang phép bién ddi truc giao x = P¢ ta dua Q vé dang chinh tac:
Q = M&T + MG+ + Al

n n
MET=MY G <Q<A Y & =Mg'E
i=1 i=1
Vi x = P& nén x'x = (P¢)' (P&) = & P'PE = #'¢ = 1 nén ta cé

AlSQS)\n

Vay Q dat gia tri 16n nhat 1a A, tai ¢ = (0,0,...,1) tic 1a tai x = PEM. Q dat gia tri nho
nhat 1a A tai & = (1,0,...,0) tuc la tai x = P¢™

4.6 Bai tap

Bai tap 5.12. Chéo hoa truc giao cac ma tran sau

1 00 7 o4
a)A=|011 b)B:[ ]
24 7
011
1 -1 0 7 =20
oC=1| -1 1 0 d)D=| -2 6 2
0 0 1 0 2 5

Bai tap 5.13. Dua dang toan phuong vé dang chinh tac bang phuong phéap truc giao
a) X7+ x5+ x5 +2x1x;
b) 7x% — 7x3 + 48x1x7
¢) 2x3 4 2x3 + 3x3 — 2x7x0 + 2XpX3

d) 5x% 4 x5 + x5 — 6x1x7 + 2x1x3 — 2X2X3
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90 Chuong 5. Dang toan phuong, khong gian Euclide

110
Loigiai. TacoA= |1 1 0 |, matran Acé3tririénglaA; =0,A, =1,A3 = 2, itng véi
0 01
né ta tim dude 3 vecto truc chuén 1a
1 0
v ! 11,0 0],v L
1=—F7= | -1 |, 2= /03 = —=
V2 0 1 V2 0
Vay thuc hién phép d6i bién
X1 N &
n|l=—|-1 0 1 )
X3 \/E 0 \/E 0 63
ta dudc
q=3+283 »
Bai tap 5.14. Nhan dang dudng cong phang sau:
a)2x? —4xy —y* +8 =0 b) x* +2xy +y* +8x+y =0
c) 11x% 4 24xy +4y>* —15=10 d) 2x* + 4xy + 5y% = 24
e) x> +xy—y> =18 f) x2 — 8xy +10y> = 10

Loi gidi. b) Dung phuong phap truc giao dé rit gon dang toan phuong. Véi ma tran A =
1

) ta c6 phuong trinh dac trung la

1-A 1

=0 A=0A=2
1 1—A

ing v6i 2 tri riéng vita tim dude ta tim dude 2 vects riéng truc chuén tuong tng la f; =
1 111

Thuc hién phép déi bién [ x ] _
y

S

S

1 1
2l -11 &)

Q =027 +225 + % [8(81+62) + (=81 +¢2)]

[ 1 ] ta thu dudc

DPuong cong da cho 1a mot parabol. [
Bai tap 5.15. Nhan dang cac mat bac 2 sau:
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4. Chéo hoa truc giao ma tran - Phuong phdp chéo hod truc giao 91

a) X2+ x5+ x5+ 2x1x, =4

b) 5x% +2y% + 22 — 6xy + 2xz — 2yz = 1

¢) 2x3 4 2x3 + 3x3 — 2x1x0 — 2xpx3 = 16

d) 7x% — 7y? + 24xy + 50x — 100y — 175 = 0

e) 7x2 + 7y? +10z% — 2xy — 4xz + 4yz — 12x + 12y + 60z = 24

f) 2xy +2yz+2xz—6x — 6y —4z =0

Loi gigi. a) Dung phuong phép truc giao dé rut gon dang toan phuong g = x% + x3 + x3.

1 10
A=111 0| ,matran Ac63 tririéngla Ay = 0,A, = 1,A3 = 2, ing v4i no ta
0 01
tim dudc 3 vecto truc chuén 1a
1] [0 1
v ! 1 (% 01,0 L 1
1= —F7= | -1 ],02= /U3 = —=
2 2
V2 0 | |1 0
x1 | 1 0 1 &
Vay thuc hién phép d6i bién | x, | = % -1 0 1 ¢ | ,tadudcqg = 5% +
X3 | 0 V20 3
2¢3. Ta €6 x3 + x5 + x5 + 2x1xp = 4 & 3 + 2¢% = 4, vAy mat cong da cho 1a mot mét

tru.

b) Dung phuong phép truc giao dé rit gon dang toan phudng g = 5x? + 2y? + 22 —

5 -3 1
6xy +2xz—2yz. A= | =3 2 —1 | ,matran Acé3 tririéngla Ay = 0,1, =
1 -1 1
4++/10,A3 = 4 — /10, gia st Gng v6i né ta tim dude 3 vecto truc chuén 1a
fi f1 fa1
= | fio |, 2= fo |, v3=| fa
f13 fo3 f33

Vay thuc hién phép d6i bién

X1 fuu fa fa 1
x2 | = | fiz f2 f» &)
X3 fiz f3 f3 33
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ta duge g = (4+v10) &+ (4— v10) & Ta cs

x%+x%+x§+2x1x2=4(:> (44—@)5%"‘(4_@)‘:%

Vay mat cong da cho la mot mat tru. [

Bai tap 5.16. Cho Q (x1,x2, x3) = 9x% + 7x3 + 11x3 — 8x1x, + 8x1x3.

a) Tim Max Q(xy,xp,x3), Min  Q(x1,x2,x3). V6i gid tri nao thi Q (x1,xp, x3)

+a3+a3=1 H+ag+x=1
dat max, min.

b) Tim  Max Q(x1,x2,x3), Min  Q(x1,x2,x3)

X2 +x3+x%=16 X2 +x3+x3=16
9 —4 4
Loigidi. a) A=| -4 7 0 |,PTDT —A3+4+27A% —207A 4405 =0, A c6 3 tri riéng
4 0 11

la Ay =3,1, =9,A3 = 15, va 3 vectd riéng truc chudn tuong tng la:

2 -1 2
v L 2 v L 2 U3 = ! 1
1 — 3 s V2 — 3 s V3 —
—1 2 2
Thuc hién phép d6i bién
X1 1 2 -1 2 61
X2 = 5 2 2 —1 62
X3 -1 2 2 63

ta dudc
Q =3¢} + 923 + 1583

véi diéu kién xfx = (P¢)' (PE) = &P'PE = ¢'¢ =1, nén ta 6 < Q <15 Vay Q dat
0
gia tri l6n nhat1a 15tai M = | 0 | tidcla tai x = PEM =
1

Q dat gia trinhé nhatla3tai¢™ = | 0 | tdclataix =P&" =1 | 2
0

12
"
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b) Theo cau a) ta c6 Q = 3¢} +9¢2 + 15¢3, véi didu kién x'x = (PE)" (P¢) = ¢ PIPE =

0
&&= 16, nén ta c6 48 < Q < 240. Vay Q dat gia tri 16n nhat 1a 240 tai ¢M = | 0
4
2 4
tic 1a tai x = PCM = % —1 |.Q dat gia trinhé nhat 12 48 tai & = | 0 | ticla tai
2 0
2
x=Pf"=3%|2 n
—1

n 2.

Chu y: Xét bai toan: cho dang toan phuong Q = ijgl a;jx;xj co ma tran la A = [aij] S
> o ~ N . o 4. [N A 2 2

xung trong mot co sé truc chuan cta V. Hay tim cuc tri cia Q véi dieu kién % + 2—5 + ...+
1 2

|3RI\)

n N
4+ =1.Khidé daty; = ;‘—: thi Q = ”21 bijy;y; , va diéu kién tré thanh xyi + y3+ ...+ y2 = 1,
ij=

an

ching ta quy vé bai toan tim cuc tri da xét & trén.

Bai tap 5.17. Cho A, B 1a cac ma tran vudng dbi xing cap n c6 céc tri riéng déu duong.
Ching minh A 4 B ciing ¢6 cac tri riéng duong

Loi gidi. Gia st A, B1a ma tran cta cdc dang toan phuong ¢, ¢ trong mot cd sé truc chuin
nao do6 cua R" , tic la

¥ (x,x) = xtAx

@ (x,x) = x'Bx
Khi d6 (¢ + @) (x,x) = x' (A + B) x véi moi x € R", tic la A + B 1a ma tran clia dang toan
phuong ¢ + ¢ trong co sd truc chudn d6. Do céc tri riéng ctia A, B déu duong nén ¢, ¢ 1a
cac dang toan phuong xac dinh duong. Tong ctia hai dang toan phuong xac dinh duong la
mot dang toan phuong xac dinh dudng nén ¢ + ¢ xac dinh duong, va do d6 A + B cung c6
cac tri riéng duong. [

Bai tap 5.18. Trong khong gian Oclit n chiéu V , vé6i co s6 truc chuén B = {ey, ey, ..., €4},
cho f 14 bién d6i tuyén tinh c6 ma tran A truc giao. Chiing minh < f(x), f(y) >=< x,y >
v6i moi x,y cua V.

Loi gidi. Loi giai: Gia st x = x1e1 + xp€2 + ... + Xpeu, ¥ = Y161 + Y22 + ... + yne,. Khi d6 ta
c6 biéu thiic toa d cta tich vo huéng trong co sé truc chuin B ctia khong gian Euclide V
nhu sau:

n
<xy>=Y xy =[x [yly
i=1
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Vay
< f(x), fly) > = [f()]p [f(y)]
= (Alx]p
=[x A'A [y]B u
= [x]p [y
=< x,y >

o5

Bai tap 5.19. Trong khong gian Oclit n chiéu V , vé6i co s6 truc chuén B = {ey, ey, ..., €4},
cho f 12 bién d6i tuyén tinh trén V c6 tinh chat || f(x)| = ||x|| v6i moi véc to x ctia V. Chiing
minh < f(x), f(y) >=<x,y >.

Loi gidi. Truéce hét ta chiing minh:

lneui=j

< f(e),f(e) >=<ejej >= {Onéui#]’

That vay. Néu i = j thi < fle). fle) >=IIf <e2i>||2 = [les]|® -1 )
Néu i # jthi ||f (&) + f (¢))||” = [|f (i + )" = llei +ejl|” = lleill® + [lej]|” = IIf (ea) > +
Hf (ej) HZ nén < f (¢;), f (e]-) >=0.

DPén day ching ta c6 2 cach 1ap luan:

Cach 1: Goi A = [[f (e1)]z.,[f (e2)]g, - [f (en)]5] 12a ma tran ctia anh xa f trong co sé B. Vi

1 A . — . R
REUT=] en A-1 = A' . Theo bai 18 ta c6 didu

< fle) fle) >=<eiej>=13 o < £ ]

phai ching minh.
Cach 2: Gia st x = x1e1 + X280 + ... + Xpeu, ¥ = Y11 + Y2€2 + ... + Yne, thi
<X,y >= X1y1 + X2Y2 + ... + XnYn

< f(x), f(y) >

=< x1f (e1) +xof (e2) + . + xnf (en) , yaf (€1) + yof (€1) + ... + ynf (en) >
= X1Y1 + Xoy2 + ... + XnYn

=< x,y>

Bai tap 5.20. Cho V 14 khong gian Oclit # chiéu, V; 14 khéng gian con m chiéu ctia V. Goi
Vo={xeV|xlo,Vve Vi}.

a) Chung minh V, la khong gian vécto con cua V.
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b) Ching minh V; va V, bu nhau.
c¢) Tim dimV,
Loi gidi. a) Ta can ching minh:

Vx,y € V, thix+yeV,
Vke R,xeV thikxeV,

Dé kiém tra.

Vi+WV,=V
ViNV, = {0}
truc giao ctia u 1én Vj, up 1a thanh phan cta u truc giao véi V4. Khi dé ta ¢6 u =

b) Ta can ching minh: { . That vay: V6i moi u € V, goi 17 1a hinh chiéu

Uy +up,vadodo V C V3 +V, . Mat khac Vy, V; la cac khong gian vecto con caa V nén
Vi+Vo, CV.SuyraVy+V, =V.
Honnitanéuu € VNV, thi < u,u >=0,do dé u = 0. Vay V; NV, = {0}.

¢) Tagoi f:V — Vi, f (u) = uy , trong d6 u; 1a hinh chiéu truc giao ctia u 1én Vi, 1a 4nh
xa chiéu truc giao. D& dang ching minh f 1a 4nh xa tuyén tinh. Do f 1a toan anh
nénIm f =V, honntau € Kerf < f (u) =0 u € V, nén Kerf = V,. Khi d6

n =dimV = dimIm f + dimKerf = dimV; + dimV,

Suy ra dimV, = n — m. [

Bai tap 5.21. Cho V 1a khéng gian Oclit # chiéu, chitng minh diéu kién can va dt dé 4nh
xa f : V — R tuyén tinh I ton tai vécto a c6 dinh ctia V dé f(x) =< a,x >,Vx € V

Loi gidi. Diéu kién dt: D& dang ching minh anh xa f(x) =< a,x >,Vx € V 1a 4nh
xa tuyén tinh véi méi vectd a ¢6 dinh da dude chon trudc.

Diéu kién can: Gia stt f : V — V 1a mét 4nh xa tuyén tinh bat ky.

(a) Néu f = 0 thi ta chon vects 2 = 0 thod mén yéu cau bai toan.

(b) Néu f # 0. Ta sé chitng minh dimKerf = n — 1. That vay, vi f # 0 nén ton
tai it nhat mot vecto yeV,y ¢ Kerf. C6 dinh mot vecto y nhu vay, khi d6 véi
moi x € V, dat A = %,z =x—Ay = x—%ythif(z) =0 = z € Kerf .
Ta c6 x = z + Ay , ttc 1a mdi vecto x € V thita nhan phan tich thanh tong cta
2 vecto, mot vecto thudc Kerf va mot vecto thudc spany. Piéu d6 c6 nghia la
V = Kerf + spany va suy ra dimKerf = n — 1.

Bay gis gia st V ¢6 phan tich thanh tong truc giao V = Kerf + (Kerf )L thi
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dim (Kerf)" = 1, tic (Kerf)™ = span (yo), trongdé |lyo| = 1. Pat a =
f(yo)yo € (Kerf): , ta sé chiing minh vects a thod mén yéu ciu bai ra, tic
la f(x) =< a,x >,Vx € V. That vay: Vi mbi x € V, do V = Kerf + (Kerf)" =
Kerf + span (yo) nén x = Ayp +y,y € Kerf . Khi dé:
f(x) =Af (o) + £ (v)

= Af (vo)

=A< f (o) vo yo >

=A<ayy> n

=< a,)\yo >

=<a,Ayo+y > << a,y >=0doa e (Kerf)",y e (Kerf))

=<ax >
Bai tap 5.22. Trong R® véi tich vé huéng chinh tac cho cac véc to v, = (1,1,0,0,0), v =
(0,1,-1,2,1),03 = (2,3,-1,2,1) .Goi V = {x € R®| xLv;,i = 1,2,3}
a) Chiing minh V 12 khoéng gian véctd con ctia R®.

b) Tim dimV.

Loi gigi. Cach 1. Pat W = span {vy,vp,v3}, theo bai tap 5.20/ta da chiing minh V = W+
12 mot khong gian vecto con ctia R®, va

dimV =5 —dimW =5 —rank {vy,v3,v3} =5—-2=3

Cach 2. Nhan xét réing vi V. = {x € R5|xLlv;,i=1,2,3} nén V chinh la khéng gian
nghiém ctia hé phuong trinh:

X1+ X7 =
Xy — X3 + 2x4 + X5 =0

2x1+3xp —x3+2x4+x5 =0

Giai hé phuong trinh trén bang phuong phap Gauss ta dude dimV = 3 va mét co s6
caa V1a{(-1,1,1,0,0),(2,-2,0,1,0),(1,—1,0,0,1) }. n
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